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PREFACE. 

The subjects of the following pages have been 
tsught orally at the Military Academy for many years ; 
but, for the saving of time, and the convenience of 
the pupils, it has been thought best to clothe them 
in a printed dress ; and as, in this form, the volume 
m%ht be found useful in other schools, as an appli- 
es ^ion of descriptive geometry to practical questions; 
H was also thought well to have it published 
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ONE PLANE DESCRIPTIVE GEOMETRY 



AS APPintD TO 



FORTIFICATION DRAWING, 



1. The method now in general use, among military en- 
gineers, for delineating the plans of permanent fortificationeL 
is similar to the one which had been previously employed 
for representing the natural surface of ground in topograph- 
ical and hydrographical maps; and which consists in projec- 
ting, on a horizontal plane at any assumed level, the bounding 
lines of the surfaces and also the horizontal lines cut from 
them by equidistant horizontal planes, the distances of these 
lines from the assumed plane being expressed numerically 
in terms of some linear measure, as a yard, a foot, &c. 

2. Plane of Reference or Comparison. The assum- 
ed horizontal plane upon which the lines are projected is 
termed the plcme of comparison orplcme of reference, as it 
is the one to which the distances of all the lines from it are 
referred, and as it serves to compare these distances with 
each other and also to determine the relative positions of 
the lines. 

3. References. The numbers which express the dis- 
tances of points and lines from the plane of comparison are 
termed references. The unit in which these distances are 
expressed is usually the linear foot and its decimal divisions. 

As the position assumed for the plane of comparison is 
arbitrary, it may be taken either above or below every point 
of the surfaces to be projected. In the French military ser- 
vice it is usually taken above, in our own below the surfaces. 
The latter seems the more natural and is also more conveni- 
ent, as ve>rtical distances are more habitually estimated from 
below upwards than in the contrary , direction. Each of 
these methods has the advantage of requiring but one kind 
•f symbol to be used, viz : the numerals expressing the ref 
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erences; whereas, if the plane of comparison were so taken 
that some of the points or lines projected should lie on one 
side of it and some on the other, it would be then necessary 
to use, in connection with the references, the algebraic sym- 
bols pl/u* or minus to designate the points above the plane 
from those below it 

As the distances of all points are estimated from the 
plane of comparison, the reference of any point or line of 
this plane will therefore be zero, (0.0) ; that of any point 
above it is usually expressed in feet ; decimal parts of a foot 
being used whenever the reference is not an entire number. 
When the reference is a whole number it is written with one 
decimal place, thus (25.0) ; and when a broken number with 
at least two decimal places, thus (3.70), (15.63). In writing 
the reference the mark used to designate the linear unit is 
omitted, in order that the numbers expressing references 
may n'ot be mistaken for those which may be put upon the 
drawing to express the horizontal distances between points. 

The references of horizontal lines are written along ana 
upon the projections of these lines. All other references 
are written as nearly as practicable parallel to the bottom bor- 
der of the drawing, for the convenience of reading them 
without having to shift the position of the sheet on which 
the drawing is made. 

This method of representing the projections of objects 
on one plane alone has given rise to a very useful modifica- 
tion of the one of orthogonal projections on two planes, and 
has been denominated one mams dezvrvptwe geometry; the 
plane of comparison being the sole plane of projection ; and 
the references taking the place of the usual projections on a 
vertical plane. By this modification the number of lines to 
be drawn is less; the graphical constructions simplified: 
and the relations of the parts is more readily seized upon, 
as the eye is confined to the examination of one set of pro- 
jections alone. 

But the chief advantage of it consists in its application 
to the delineation of objects, like works of permanent forti- 
fication, where, from the great disparity oi the horizontal 
extent covered and the vertical dimensions of the ports, a 
drawing, made to a scale which would give the horizontal 
distances with accuracy, could not in most cases render the 
vertical dimensions with any approach to the same degree 
of accuracy ; or, if made to a scale which would admit of 
the vertical dimensions being accurately determined, would 
require an area of drawing surface, to render the horizontal 
dimensions to the same scale, which would exceed the con 
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venient limits of practice. Taking for example an ordinary 
scale used for drawing the plans of permanent fortifications 
of one inch to fifty jeet, or the scale T £ T , the details of all 
the bounding surfaces can be determined with accuracy to 
within the fractional part of a foot, whereas a vertical pro- 
jection to the same scale would be altogether too small for 
the same purposes. 

4. Point and Right Line. To designate the position 
of a point, PL 1, Fig. 1, the projection of the point«and its 
reference are enclosed within a bracket, thus (28.50). This 
expresses that the vertical distance of the point from the 

?lane of reference is 28 feet and fifty-hundredths of a foot, 
'he position of a right line obliaue to the plane of reference 
is designated by the projection or the line, and the references 
of any two of its points. Thus in Fig. 1 the points a and 
&, upon the projection of the right line, with their respective 
references (25.15) and (28.50), determine the position of the 
lin* with respect to the plane of reference. 

VVTien the line is horizontal, or parallel to the plane of 
reference, its projection, with the reference of one of its 
points, will be sufficient to designate it, and fix its position 
with respect to the plane of reference. Thus in Fig. 1 the 
reference (25.15), written upon the projection of tne line, 
expresses that the line is horizontal, and 25.15 feet from the 
plane of reference. 

5. For the convenience of numerical calculation, the po- 
sition of a line, with respect to the plane of reference, is 
often expressed in terms of the natural tangent of the angle 
it makes with this plane ; but as this angle is the same as 
that between the line and its projection, its natural tangent 
can be expressed by the difference of level between any two 
points of the line, divided by the horizontal distance between 
the points. Now, as the difference of level between any 
two points of the line is the same as the difference of the 
references of the points, and the horizontal distance between 
them is the same as the horizontal projection of the portion 
of the line between the same points, it follows, that the nat- 
ural tangent of the angle which the line makes with the 
plane of reference is found by dividing the difference of the 
references of the points by the distance in horizontal jyrcjeo- 
won between them. 

The vulgar fraction winch expresses this tangent is term- 
ed the vncVmaUon^ or dedivity oi the line. Thus the frac- 
tion \ would express that the horizontal distance between 
any two points is six times the vertical distance, or difference 
of their references ; the fraction f , that the vertical distance 
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between any two points is two-thirds the horizontal distance ; 
the denominator of the fraction, in all cases, representing 
the wumber of parts in horizontal projection, ana the nume- 
rator the corresponding wumber ojparis in vertical distance. 

When the position of a line is designated in this way, it ia 
•aid to be a line whose inclination or declivity is one-sixth, 
two-thirds, ten on one, &c, or simply, a li/ne of one-sixth, (fee. 

6. Having the declivity of a line, the difference of refer- 
ence of any two of its points, the projections of which are 
fiven, will be found' by multiplying the horizontal distance 
etween them by the fraction whicn expresses this declivity ; 
in like manner the horizontal distance of any two points 
will be obtained by dividing the difference of their references 
by this fraction. 

To obtain therefore th^ reference of a point of a line, 
having its projection, the horizontal distance between it and 
that of some other Known point of the line mnst be deter- 
mined from the scale of the (tawing by which the horizontal 
distances are measured; this distance expressed in numbers, 
being multiplied by the fraction which expresses the declivity 
of the line, will give the difference of reference of the two 
points ; the required reference of the point will be found by 
subtracting this product from the reference of the known 

I)oint, if it is higher than the one sought, or adding if it is 
ower. Thus let (25.15) be the reference of a known point 
higher than the one sought ; the horizontal distance between 
the points being 3-6.75 feet, and the inclination of the line 
T V; then 35.75 x T V = 3.575 will be the difference of refer- 
ence of the points, and 25.15 — 3.575 = 21.575, the required 
reference. The converse of this shows that the horizontal 
distance between two points on this line whose difference of 
reference is 3.575 will be 3.575 -v- T V= 35.75 feet. 

7. When the projection of a line is divided into equal 
parts, each of which corresponds to a unit in vertical dis- 
tance, and the references of the points of division are written, 
it is termed the scale of declivity of the line. In constructing 
the scale of declivity of a line, the entire references are alone 
put down ; one of the divisions of the equal parts being sub- 
divided into tenths, or hundredths if necessary, so as to give 
the fractional parts of the references corresponding to any 
fractional part of an entire division. 

8. The true length of any portion of an oblique line be- 
tween two given points is evidently the hypothenuse of a 
right angle, triangle of which the other two sides are the dif 
ference of reference of the points, and their horizon! a] dis* 
tan^e 
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9. Plane. The position of a plane oblique to the plane 
of reference may be determined either by the projections and 
references of three of its points ; by the projections and de- 
clivity of two lines in it oblique to the plane of reference , 
or by the projection of two or more horizontal lines of the 
plane witn their references. 

The more usual method of representing a plane is by the 
projections on the plane of reference of the horizontal lines 
determined by intersecting it by equidistant horizontal planes. 
These projections are termed horizontals of the plane, those 
usually bemg taken the references of which are entire numbers. 

10. If in a given plane a line be drawn perpendicular to 
any horizontal line in it, the projection 01 this line on the 
plane of reference will be also perpendicular to the projec- 
tions of the horizontals. The angle of this line with the 
plane of reference is evidently the same as that of the given 
plane with it, and is greater than the angle between any 
other line drawn in the plane and the plane of reference. 
This line is, on this account, termed the line of greatest de- 
cUvity of the plane. 

11. If the scale of declivity of the line of greatest de- 
clivity be constructed, it will alone serve to fix tne position 
of the plane to which it belongs, and to determine tne refer* 
ence 01 any point of the plane of which the projection is 
given. For since the horizontals are perpendicular to the 
scale of declivity, the point where the horizontal drawn 
through the given projection of a point in the plane cuts 
this line will determine upon the scale the reference of the 
horizontal, and therefore that of the point. 

12. The inclination or declivity of a plane with the plane 
of reference may be expressed in the same way as the incli- 
nation of its line of greatest declivity. Thus aplcme of one- 
fourth; a plane of twenty on one; a plane of two-thirds, 
express that the natural tangents of the angle between the 
planes and the plane of reference are respectively represent- 
ed by the fractions j, - a T °-, and f . 

13. The horizontal distance between any two horizontal 
lines in a plane, the angle of which is given, can be found 
in the same way as the horizontal distance between two 

Eoints of a line, the inclination of which is given, Art. 7, 
y dividing the difference of the reference of the two hori- 
zontal lines by the fraction representing the declivity of the 
plane ; in like manner the difference of references of any 
two horizontal lines will be obtained by multiplying then 
horizontal distance by the same fraction. 

14. To distinguish the scale of declivity, P\. 1, Fuj. % 
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ftom any other line of a plane, it is always represented by 
two fine parallel lines, drawn near each other, and crosseu 
at the points of division, where the references are written, 
by short lines which are portions of the corresponding hori- 
zontals. 

With the foregoing elements the usual problems of the 
right line and plane can be readily solved. 

15. Problems of the Right Line and Plane. 
Prdb. 1, PI. 1 j Fig. 3. JSamng the projections and refer 

ences of two Imes that intersect, tojind the a/ngle bet/ween them. 

Let ab be the projection of one of the lines, the refer- 
ences of two of its points (1Q.30) and (4.90) being given 
cd the projection of the other line, (10.30), and (5.0) being 
the references of two of its points ; (10.30) being the point 
of intersection of the two lines. 

Find on each of the lines, Art. 7, a point having the 
same reference (7.0). The line joining these two points 
will be horizontal, and projected into its true length ; taking 
this line as the base of a triangle of which the other two sides 
are respectively the true lengths of the portions of the two 
given lines projected between (10.30) and (7.0), Art. 7, the 
angle at the vertex will be the one required. 

16. Prdb. 2, Pig. 4. Through a point to drmo a Une 
parallel to a given Ivne. 

Let c (7.50) be the projection of the point ; ab that of 
the given line of which the two points (7.0) and (9.0) are 
known. 

Through c drawing cd parallel to ab, this will be the 
projection of the required line ; and as its declivity is the 
same as that of the given line, it will be only necessary to 
set off from c towards d, the same distance as between (7.0} 
and (9.0), to obtain a point (9.50) as far above (7.50) as (9.0) 
is above (7.0). 

17. Prdb. 3, Fig. 5. Through a point in aplcme to draw 
a Ime i/rv the plane with a gi/ven mctmation. 

Let cd be the scale of declivity of the given plane, and 
a (5.50) the giveti point ; and suppose, for example, that the 
declivity of the plane is } and that of the required line is T V . 

Draw the horizontal of the plane (5.50) which passes 
through the point, and any other horizontal, as (7.0). The 
projection of the required line will pass through a, and the 
portion of it between the two horizontals will be equal, Art. 
6, to the difference of their references, or 1.5 ft. divided by 
the fraction which represents the inclination of the required 
line. Describing, therefore, from ^, an arc, with this dis- 
tance ac or 1.5 -r- T V = 15 ft. as a radius, and joining the 
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point b, where it cuts the horizontal (7.0), with a, flois will 
be the projection of the required line. 

18. Prob. 4, PI. 1, Fig. 6. Hcwmg three points of a 
plane, to construct its horizontals and scale of declivity. 

Let a (12.0), b (15.25;, and c (15.50), be the projections of 
the three points. J oin a with the other two, and construct 
the scales of declivity of the lines of junction, Art. 6. The 
lines joining the same references on these two scales will be 
horizontals of the required plane. Its scale of declivity is 
constructed by drawing two parallel liues perpendicular to 
the horizontals, and writing the references of the points 
where they intersect the horizontals. 

19. Prdb. 5, PI. 1, Fig. 7. To jmd the horizontals of 
a pla/ne passed through a given line a/nd parallel to another 
Une. 

Let ab and cd be the projections of the two lines. From 
a point (10.0) on cd draw a line df> Prdb. 2. parallel to ab; 
and bv jProb. 4 find the horizontals of the plane of df and 
cd; these will be the required horizontals. 

20. Prob. 6, PI. 1, Fig. 8. To jmd the horizontals of a 
plane the declwity of which is gwen, a/nd which passes 
through a gi/ven Une. 

Let bd be the scale of declivity of the given line, and 
suppose, for example, the declivity of the line to be yV and 
that of the required plane to be }. 

Since the Horizontals of the plane must pass through the 
points of the line having the like references, and as the dis- 
tance in projection between any two of them, Art. 13, will 
be equal to the difference of tneir references divided by the 
fraction giving the declivity of the plane, it follows that to 
find the one drawn through b (14.0), for example, it will be 
simply necessary to describe from any other point, as a 
(12.0), an arc ol a circle, with a radius of 12 ft., equal to 
the quotient just mentioned, and to draw a tangent to this 
arc from b. If any other horizontal, as (16.0), is required, 
which would not intersect the projection of the given line 
within the limits of the drawing ; any two points, as (12.0) 
and (14.0), for example, may be taken as centres, and two 
arcs be described from them, with radii of 12 and 24 ft., 
calculated as above, and a line be drawn tangent to the 
arc ; this tangent will be the required horizortal. 

21. Prob. 7, PL 1, Fig. 9. Saving either the horizontals 
or the scales of decttvity of two planes^ to jmd their intersec- 
tion. 

Join the points ah where any two horizontals, as (12.0) 
and (14.0), in one plane intersect the corresponding horizon- 
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tals of the other, and the line so drawn will be the projt etion 
of the required intersection. 

22. When the horizontals of the two planes are parallel 
or when they are so nearly parallel that their points of in- 
tersection cannot be accurately found, the following method 
may be taken: Draw any two parallel lines as cd, c'd\ PL 
1, Fig. 10 ; these may be considered as the horizontals of an 
arbitrary plane, and having the same references, (12.0) and 
(14.0), as the two corresponding horizontals in each of the 
given planes. The intersections of the horizontals of the 
arbitrary plane with those of the given planes will determine 
two lines, mn, ra V, which, being the projections of the in- 
tersections of the given planes with the arbitrary plane, 
will, by their intersection 0, determine the projection of a 
point common to the three planes, and therefore a point of 
the projection of the intersection of the two given planes. 
Assuming any other two parallels aJ, a'V, as the horizontals 
of another arbitrary plane ; finding in like manner the point 
0' and joining and 0' by a line, this will be the required 
projection. 

When- the horizontals of the two planes are parallel, one 
point, as 0, will be sufficient to determine the required pro- 
jection, as it will be parallel to the horizontals. 

23. Prdb. 8, PI. 1, Fig. 11. To find where a given line 
pierces a given plcme. 

Through the projections of any two points of the given 
line, as m\ n\ having the same references, (12.0), (14.0), as 
two horizontals of the given plane, draw two parallel lines, 
aby a'b'j which may be taken as the horizontals of an arbitrary 
plane. The projection of the line of intersection, mn, or 
this plane with the given plane being determined by Prob* 
7, the point where it intersects the projection of the line 
m'n' will be the projection of the required point, the refer- 
ence of which can be found from the scale of the plane. 

24. Prdb. 9, PI. 1, Fig. 12. To draw from a given 
pomt a perpenwicular to a given plcme, and find its length. 

Let a (12.0) be the projection of the given point ; and 
let the given plane be represented by its scale of declivity. 

The projection of the required perpendicular will pass 
through a, and be parallel to the scale of declivity of the 
given plane. The angle which it makes with the plane of 
reference is the complement of that between this plane and 
the given plane ; its tangent therefore will be the reciprocal 
of the tangent of that of the giveri plane. 

Drawing therefore through a the line ao parallel to bd y 
and constructing its scale of declivity, Art. 7, this will bo 
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the projection of the required perpendicular. The projec- 
tion of the point o where it pierces the given plane is found 
by Prdb. 8, and the true length of the perpendicular by 
Art. 8. 

25. Geometrical and Irregular Surfaces. 

All other surfaces may, like the plane, Art. 7, be repre- 
sented by the projections on the plane of reference of the 
curves or lines cut from them by equidistant horizontal 
planes, together with the references of these curves ; as many 
of these projections being drawn as may be requisite to de- 
termine all the points of the surface with accuracy ; and 
their references being written in the same way as tnose of 
the horizontals of a plane. 

In the more simple geometrical surfaces, a single hori- 
zontal curve, with the projection of some point or line of 
the surface, will alone suffice. For example, the cone may be 
represented by the projection and reference of any curve cut 
from it by a horizontal plane, with the projection and refei 
ence of its vertex ; a cylinder by the projection and reference 
of a like curve, with the projection and reference of its axis, 
or of one of its right line elements ; a sphere by the projec- 
tion and reference of its centre and that of its great circle 
parallel to the plane of reference. 

26. This method of projection is more particularly ad- 
vantageous in the representation of irregular surfaces which, 
like the natural surfaces of ground, for example, are not sub- 
mitted to any geometrical law, and in solving the various 
problems of tangent and secant planes to surfaces of this 
character. These surfaces can, for the most part, be alone 
represented by the projections of the horizontal curves cut 
from them by equidistant horizontal planes, and by suppos- 
ing the zone of the real surface contained between any two 
horizontal curves to be replaced by an artificial zone, sub- 
jected to some geometrical law of generation, which shal 
give an approximation to the real surface sufficiently accu- 
rate for the object in view. The usual method of domg this 
is to take two consecutive horizontal curves as the directricta* 
of the artificial surface of the zone, and to move a right line 
so as to continually intersect each of them, and be perpen- 
dicular to the consecutive tangents to one of them, the upper 
one being usually taken for this last condition. 

If in Pi 1, Fig. 13, for example, (6.0), (7.0), &c, are the 
projections of the horizontals of a surface, the zone between 
the curves (6.0) and (7.0) may be replaced by an artificial 
surface, the position of the projection of the generatrix of 
which, at any point of the upper curve (7.0), will be deter- 
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mined by constructing the horizontal tangent at that poii.t 
as a, for example, ana drawingaS perpendicular to it and 
intersecting the lower curve. The position of the generatrix 
a'V at any other point a is constructed in like manner. 

27. To obtain any horizontal of the artificial zone inter- 
mediate to the two directrices, it will be only necessary to 
construct several positions of the generatrix, and to fina on 
these thepoints having the same reference as the required 
curve. The horizontal of the surface (6.50), for example, 
will bisect the projections of the generatrix in its various 
positions. 

Problems of Irregular Surfaces and the Right 
lane and Plane. 

28. Prob. 10, PI. 1, Fig. 14. Through a gwen point m 
a vertical plane which intersects a surface, to or aw a tangent 
to the cwrve of intersection of the plane and surface. 

Let a (5.50) be the given point, and ab the trace on th* 
plane of reference of the given plane. The points where 
this trace intersects the horizontal curve? rf the surface will 
be the projections of points of the curve cut from the surface 
by the plane. 

Let any arbitrary line as ac be now drawn through a, 
and its scale of declivity be constructed ; and let lines be 
drawn between the points having the same references on ac 
and on the horizontal curves where ab intersects them. These 
lines will be theprojections of horizontal lines and will gen- 
erally make different angles with ac. The one as (7.0), 
which makes the smallest angle with it, towards the descend- 
ing portion, will determine the projection o of the tangential 
point. For, construct the scale of declivity of the line of 
which a (5.50) is the projection of one point, and o (7.0), on 
ab, another. Comparing now the references of the points 
on the line, and which is assumed as the projection of the 
required tangent, with the references of the points of the 
curve having the same projection, it will at once be evident 
that these two lines have only the point projected in ^7.0) in 
common, and that every other point of the right line, of 
which adb is the projection, is exterior to the curve, and 
therefore the line itself must be tangent to the curve at the 
point determined as above. 

29. Prob. 11, PI. 1, Fig. 15. To construct the dement* 
of a cone, with a given vertex, which shaU enmdope a given 
wwrfaoe. 

Let (10.0), &c, be the horizontals of the given surface 
and a (6.0) tne projection of the vertex of the cone. 

From a, draw fines ab, ab\ &c, as the horizontal traces 
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of vertical planes which pass through the vertex and inter 
6ect the surface. Construct, by Prob. 10, the tangents from 
a to the curves cut from the surface by the planes db, &c. 
These tangents will be the required elements. 

30. Prob. 12, PI. 1, Fig. 15. Tojmd the wrve of in- 
ter section of d cone enveloping a given siwfaoe by a horizon* 
ial plane. 

Let (9.0) be the reference of the given horizontal plane. 
Having found, by Prdbs. 11 and 12, the elements of the cone, 
and constructed the scale of declivity of each one ; then 
joining the points 0, 0', 0", having the same reference on 
each scale as the given horizontal plane, a continuous line 
mo" don will be obtained, which will be the projection of 
the points where the elements pierce the given plane, and 
therefore the projection of the required intersection. 

81. Prdo. 13, PI. 2, Fig. 1. A Urmted extent of swrface 
being given, and a point exterior to it, tojmd the wm/its with- 
m which planes may be passed through, this point and lie 
above all th* qh s en sv/rface. 

\ ,Let a (8.0) be the projection of the given point; (10.0), 
(9.0), &c, the horizontals of the given surface, the limits of 
which are the sector contained within the arc BDG, and 
the two radii aB and a G. 

Taking a as the vertex of a cone which shall envelope 
the given surface, the elements of this cone can be found dv 
Probs. 11 and 12. Any plane tangent to this cone, which 
does not intersect the surface within the given limits, will 
satisfy the conditions of the problem. 

Irom the position of the vertex of the cone with respect 
to the surface, it will be seen that a horizontal plane, passed 
through the vertex, will cut from the cone two elements 
which will be projected in the two horizontals ab' and db" 
(8.0) of the cone, the first of which will be tangent to the 
horizontal (8.0) of the surface, and the second db" will 
pierce the surface, where the limiting arc BDG cuts the 
same horizontal (8.0); and that all the elements projected 
within the angles Bab' and Gab" will lie below the horizon- 
tal plane (8.0). Now, if the elements within these angles 
be prolonged beyond the vertex, they will form two portions 
of cones having the same elements as the portions below the 
vertex, and it is evident that any plane passed tangent to 
either lower portion, as b'aB, within one of these angles, 
will leave this portion below it, and the corresponding por- 
tion, formed by the prolonged elements, above it ; and, in 
order that this plane shall satisfy the conditions of the prob- 
lem, it must also leave the portions of the cone within the 
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angles Vdb", and WaQ also below it. The same reasoning 
applies to planes passed tangent to the portions of the cone 
within each of the other two angles. It is therefore evident 
that a plane, which shall satisfy the conditions imposed, 
must leave all that portion of the cone which lies above the 
horizontal plane (8.0) through the vertex, below it, and all 
the prolonged portions, corresponding to the portions below 
the plane (8.0), above it. 

To find any such plane, let the cone be intersected by a 
horizontal plane, as (9.0), by Prdb. 12. This plane will cut, 
from the portion of the cone within the angle J'aJ", a curve 
of which nan/ is the projection; the two extreme poirts of 
this curve, within the limits, being at the points wn,\ where 
the horizontal (9.0) of the surface cuts the limiting a^c ; it 
will also cut, from each of the prolonged portions, a rurve, 
the one mr, and the other mV; the extreme point m of dm 
being on the prolongation of the extreme element aC; that 
m' of the other on the extreme element aJ3, on the other 
side, prolonged! Having obtained these three curves, let 
tangent lines, ms. m's\ be drawn, from the points m and m\ 
tc the curve nan . A plane passed through either of these 
tangents and through the corresponding element of the cone 
as or as\ drawn through the tangential point, will be a tan- 
gent plane to the cone ; and as either of these planes will 
leave the curve nan' on one side of it, and the two curves 
iwr, and mV, on the other, it will leave all the portion of 
the cone corresponding to the first curve below it, and the 
portions corresponding to the other curves above it ; and 
will therefore satisfy the required conditions. The same will 
hold true for any tangent plane to the cone along any ele- 
ment drawn between the points s and % f : since the tangent 
drawn to any point of the curve nan!, between the points % 
and *', will leave this curve on one side of it, and the other 
two, mr and mV, on the other. 

32. Prob. 14, PI. 1, Fig. 16. Through a given line to 
pass a plane tangent to a surface. 

1st. Let ab be the projection of the given line, and (10.0), 
(9.0), &c, the horizontals of the surface. From the points 
on the line, as (10.0), &c. draw lines tangent to the horizon- 
tals having the same references ; the tangent which makes 
with the projection of the line the least angle towards the 
descending portion, will, with the line, determine the requir 
«d plane. 

For, let the tangent (10.0) be the one which makes with 
ab the least angle ; from the other points, (9.0). &c, of ab 
draw lines parallel to the tangent (10.0) ; these lines will lie 



ONE PLANS AND DE80BIPTTTE GEOMETBY.* Id 

in the plane that contains this tangent and ab, and will be 
horizontals of this plane ; they also lie respectively in the 
planes of the horizontals (9.0), (8.0), &c, 01 the surface, but, 
since they fall exterior to these horizontals, it follows that 
their plane also lies exterior to every horizontal curve of the 
surface, except at the curve (10.0), and where it touches the 
surface at the point of contact of its horizontal (10.0) with 
this curve. 

2d. "When the line aJ, PI. 1, Fig. 17, is horizontal, let 
tangents be drawn to the horizontal, curves and parallel to 
ab. These tangents may be regarded as the elements of a 
cylinder which envelops the surface, the tangent plane to 
which will be tangent to the surface. To find the element 
of contact of the plane and cylinder, let the cylinder and 
given line be intersected bv an arbitrary vertical plane, of 
which od is the trace. From the point o, (6.5), where the 
line pierces this plane, let a tangent line be drawn to the 
curve cut from the cylinder by the plane, by Prob. 10. The 
point of contact will determine the position of the element 
of the cylinder along which the plane, through aJ, will be 
tangent ; since the tangent to the curve projected in od, with 
the line ab, will determine the tangent plane to the cylinder. 

3d. When the line ab, PI. 1, Fig. 18, is so nearly hori- 
zontal that tangents cannot be drawn from its points, within 
the limits of the drawing, to the horizontal curves. Let any 
point of the line, as 0, (7.0), be taken as the vertex of a cone 
enveloping the surface ; a plane passed through the line and 
tangent to the cone will be tangent to the surface. 

Find, by Probs. 10 and 11, the projection mm of the 
curve cut from this cone by the horizontal plane (8.0) ; from 
the point (8.0) of ah draw a tangent to m/rn. This tangent, 
with the line ab, will determine the required plane. 

33. Prob. 15, PI. 1, Fig. 19. To find amwoximatety 
the point where a given right Une pierces a swrjace. 

Let (8.0), (9.0), &c, be the horizontals of the surface, and 
df the scale of declivity of the line. Through any two 
points, as a (9.0) and c (8.0), draw two parallel fines, as ami 
and en, which may be taken as the horizontals of an arbi- 
trary plane passed through the given line. Joining the 
points m, n where the horizontals of the arbitrary plane in- 
tersect the corresponding horizontals of the surface, this 
line mm, will be the approximate intersection of the plane 
with the zone of the surface between the horizontals (8.0) 
and (9.0), and the point where vm intersects df will be 
the approximate point required. 



• 
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84. Prdb. 16, PI. 1, Fig. 20. To Jmd the intersection 
qf a plane and surface. 

Let (10.0), (9.0), &c, be the horizontals of the surface, 
ef the scale of declivity of the plane. 

Draw the horizontals of the plane having the same refer- 
ences as the horizontals of the surface, the points of inter- 
section of the corresponding lines will be the projections of 
points of the required intersection. 

When it is desired to find a point of the curve of inter- 
section intermediate to two horizontal curves ; if the refer- 
ence of the required point is fixed, it will be necessary to 
construct, Art. 27, the horizontal of the surface, and the 
horizontal of the plane having this reference ; their intersec- 
tion will give the projection of the required point. If the 
reference of the required point is not fixed, draw any gene- 
ratrix, as ac of the zone on which the required point is to be 
found, and by Prdb. 8, Fig. 11, find the projection of the 
point, as 0, where ac pierces the given plane ; this will be 
the required point 

35. Application of Preceding Problems. 

The following problems will aid as illustrations of the 
preceding subject in its application to the determination and 
delineation of lines and surfaces. 

36. Prdb. 1, PI. 2, Fig. 2. The plane of site of a work, 
the exterior Ime and scale of declivity of its Urreptem being 
gwen: to construct the plane of the rampa/rt-sTope and its 
foot; also a ramp of a given inclination along theramparL 
slope leading from the pla/ne of site to the terreplem. 

Let a (74.50) and b nT6.0) be the references of two points 
on the exterior line or the terre-plein, and mn its scale of 
declivity ; let the rampart-slope be f, the declivity of the 
ramp £, its width 4.30 yards ; and the plane of site be hori- 
zontal and at the ref. (60.0). 

The foot of the rampart-slope lying in the plane of site 
will be horizontal, and will be determined, Prdb. 6, Fig. 8, 
by finding the line of the slope at the ref. (60.0). 

Having the two bounding lines of the rampart-slope, the 
inner line cd of the ramp is constructed, by assuming a 

Soint 0, on the foot of the rampart-slope, as the point of 
eparture, and determining the line of £ drawn from c on 
the rampart-slope by Prob. 3, Fig. 5. Having found this 
line, which is also the line of greatest declivity of the ramp, 
the exterior line ef of the ramp is drawn parallel to it, and 
at a distance 4.30 yds., equal to the width assumed for the 
ramp. The horizontals of the ramp will be perpendicular 
to these two lines. The foot of the ramp, ce, will be a hoi* 
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izontal line, drawn through the point of departure. Th« 
top of it, df, will be determined by Prdb. 7, Fig. 9, by find 
ing the intersection of the ramp and the terre-plein, on€ 
point of which will be the point a .(76.30), the intersection 
of the inner line of the ramp and the interior line of the 
terre-plein. 

The ramp is terminated on the exterior, by passing a 
plane through its exterior line ef having the same slope as 
the rampart-slope. This plane will intersect the plane of 
site in a line parallel to the foot of the rampart-slope, and 
the terre-plein in one parallel to the exterior line of the 
terre-plein. 

37. Prdb. 18, PI. 2, Fig. 3. Sawing given the Unes of 
thepa/rapet of a work and the scales of decwvity of the planes 
ofvts interior crest and terre-plein, to deterrwme the lines and 
surfaces of a barbette in its salient for jwe gwns. 

Let ah be the scale of declivity of the plane of the interior 
crest, which, as the terre-plein is parallel to the plane of 
the interior crest and 8 feet below it estimated vertically, 
will also serve as the scale of declivity of the terre-plein, oy 
subtracting 8 feet from the references of the former to obtain 
the corresponding references of the latter. Having con- 
structed a pancoup6 of 4 yds. in the salient, find the intersec- 
tion of the top surface of the barbette, which is horizontal 
and assumed on the drawing at the reference (82.75) with 
the planes of the interior slope, this intersection will deter- 
mine the foot of the genouillere of the barbette. From this 
last line at the pancoupe set back along the capital a distance 
of 8 yds., and from the extremity of this line draw a per- 
pendicular to the interior crest of each face. The pentag- 
onal figure thus marked out will be the space for the gun in 
the salient. From the foot of each of the perpendiculars 
set off along the faces distances of 12 yds. for the lengths 
along the interior crests to be occupied by two guns on each 
side of the salient. Setting back from the extremities of 
these two last distances perpendiculars to the interior 
crest of 8 yds. and drawing lines through the extremities of 
these perpendiculars parallel to the interior crests, they with 
the two perpendiculars will mark out the exterior bounding 
lines of the barbette. By passing planes of } or 45° through 
these exterior lines, and finding by Prdb. 7, Fig. 9, their in- 
tersections with the terre-plein, these lines will be the foot 
of the barbette slopes. A ramp having a slope } leads from 
the terre-plein to the top of the barbette ; the width of this 
ramp is 3.30 yds., its interior line in projection being on the 
prolongation of the foot of the banquette slope. The ramp 
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is terminated by side slopes of f , the intersections of which 
with the terre-plein and the slopes of the barbette and ban- 
quette are found by Prob. 7, Fig. 9. The foot of the ramp 
or its intersection with the terre-plein is also found by the 
tame problem. 

As the top surface of the barbette is horizontal, it may 
De necessary m some cases to make the interior crest along 
the barbette also horizontal, in which case the superior slope 
of the parapet along the barbette being higher than the 
rest of it, the two planes will be connected by a plane of 
45°, as at G. 

38. Prob. 19, PI. 2, Fig. 4. To determine the bounding 
wrfaces of a ramp leading urn <m irregular surface and so 
placed that its axis or centre Une shall nearly coincide with 
the irregular swrface. 

Let (8.0), (9.0), &c, be the horizontal curves of the sur- 
face, ana let a (8.0) be the point of departure or foot of the 
ramp. Assuming the declivity of the ramp £, for example, 
from a, with a radius of 9 units, describe an arc, and loin 
by a right line the point b where it cuts the horizontal (9.0) 
with the point. Repeat this construction from b to c on the 
horizontal (10.0) ; and so on to the top e or point of arrival. 
The' broken line a^hc-d-e will be the projection of the axis. 
But, to avoid the angular changes of direction, the straight 
portions of the axis may be connected at the angular points, 
by setting off from J, for example, the equal distances ba\ 
be', and connecting these points by an arc of a circle tangent 
to the straight portions. The same construction being re- 
peated at the other angular points, the broken line will be 
replaced by the sinuous line aa'c\ &c, as the axis. Having 
determined the axis, the exterior and interior lines of the 
top surface are drawn parallel to the axis, and at a distance 
from it equal to half the assumed width of -the ramp. 

From the position of the axis the exterior half of the 
ramp will be in embankment and the interior in excavation. 
To determine the side slopes of the embankment pass planes 
through the straight portions of the exterior edge of the 
ramp, and find by Prob. 6, PI. 1. Fig. 8, the horizontals of 
these planes, and by Prob. 16, Fig. 20, the intersections of 
these planes with the irregular surface. The plane surfaces of 
the side slopes thus determined are connected by curved sur- 
faces which pass through the curved lines of the exterior edge. 
These surfaces may be determined as follows : Take, for ex- 
ample, the point n at the foot of the plane side slope A where 
it cuts the radius through a' prolonged, of the arc a'c'; and 
the point o on the radius through c where it cuts the foot of 
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the plane side slope J5. The lines of which wo ani ow are 
the projections will evidently have the same inclination, and 
they may be assumed as the lines of junction of the plane 
slopes A and B and the curved side slope x. This curved 
side slope may then be generated by the motion of a right 
line which has the top line of which vu is the projection for 
its directrix, whilst in its motion it makes a constant angle 
with the plane of comparison, and its projections are con*, 
stantly normal to the arc vu. From the construction com- 
prising these conditions the foot no of the curved portion x 
of the side slope is determined. The same constructions are 
repeated to obtain the portions G of the plane, and y, z of 
the curved side slopes, with the line m-n-o^hq-r-^ the foot of 
these slopes. 

The side slopes of the part in excavation A\ B\ G and 
a?', y' with the line m'-n'-o'-p'-q'^r' are determined by like 
constructions. 

The portions of the top surfaces of the ramps bounded 
by the arcs of circles are nelicoidal surfaces, 01 which the 
axis is the directrix and the plane of comparison the plane 
director. 

The curved surface side slopes are also evidently helicol- 
dal surfaces, the directrices of which are the curved lines 
above mentioned, and the vertical lines through the centres 
of the arcs which are the projections of those curved lines. 

Remarks. In the figure the declivity of the side slopes 
of the embankment is one-half the excavation. The decliv- 
ities of the curved portions of the top are greater than those 
of the plane surfaces, the difference depending on the angle 
between the straight portions of the axis. 

39. Observations on the best mode of executing 
Drawings. 

Accuracy. The first requisite in all drawings is minute 
accuracy, both in the geometrical constructions, and in v writ- 
ing down all letters and numbers which serve either as ref- 
erences, or to give dimensions. To attain this, so far as 
regards the geometrical part, judgment is to be exercised in 
the selection of the means for establishing on the drawing 
the positions of the various points which are either given or 
to be found ; as one method although in theory as correct as 
some other may not, in practice, be found to yield as satis- 
factory results. The following remarks will serve to illus- 
trate this point : 

1st. In Betting off from a scale of equal parte several dis- 
tances, along a Ime, whether equal or unequal, the most ac- 
curate method is to commence oy first setting off the entire 
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distance, and then the several parts ; taking care to verify \ 
from the scale, the aggregate of the several partial distances : 
thus in the example Pi. 2, Fig. 5, where tne aggregate oi 
all the partial distances is 60.33 feet, commence by setting 
off the entire distance 60.33 feet ; next 50.33, which is the 
sum of the two distances 20' and 30'.33, then verify the re 
maining 10' by the scale. 

2d. When a distance to he set off is so small that it can- 
not be laid down with accuracy by the points of the dividers, 
the following method may be employed : set back, from the 
point from which the required distance is to be set off, any 
arbitrary distance, then set forward, from this last point, a 
distance equal to the sum of this arbitrary distance and the 
one required ; thus in PI. 2. Fig. 6, where 2' is to be set off 
from a towards c, set back from a say 30' to J, then from b 
32' toe. 

3d. To set off a point at a gwen perpendicular distance 
from a Une, it will mostly be found more speedy, and more 
accurate, to take off from the scale the given distance, in 
the dividers, and, setting one point on the paper, bring the 
other so that the arc described Dy it. with the given distance 
as a radius, shall be tangent to tne line, than to employ the 
usual method of first erecting a perpendicular to the line 
and then setting off the required point alongthe perpendic- 
ular; thus in Pi. 2, Fig. 7, wishing to set off c at 20' from 
aJ, take 20' in the dividers, and, by the eye, find where one 
point must be placed so that the other describing an arc will 
touch ab. This method will be found convenient in drawing 
a parallel to a line at a given distance from it by setting on 
another point in the same way, and drawing through the 
two the required parallel. 

4th. In setting off several points for the purpose of draw- 
ing several parallels to a gwen Une, as, for example, the par- 
allel lines which bound the planes of a parapet, it will be 
found most speedy and accurate to draw first upon a slip of 
smooth thin paper two lines perpendicular to each otner, 
then marking on one of the lines the respective given dis- 
tances of the parallels from the other, and cutting the paper 
close to the line along which the given points are marked 
off, so that the strip when laid upon the drawing so as to 
have one of its lines to coincide with that to whicn the par- 
allels are to be drawn, their distances from it can be pricked 
off by a sharp pointed pencil, or in any other way. In PI. 
% Fig. 8, ab is the line of the drawing ; A the strip of paper, 
fC) fd> fe y &c, the distances at which the parallels are to be 
drawn from ab y marked off on the edge of J. perpendicular 
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to the line f 9 which line when A is laid on the di swing, 
should coincide with ah. If the line ab is somewhat long, it 
will be better to set off these points near each of its extrem- 
ities and join them by lines, than to draw the parallels in the 
usual way by aid of the ruler and triangle. 

5th. when a pomt is to be constructed by means of the 
intersection of two Unes arbitrarily chosen, such a position 
should be assumed for the arbitrary lines that they shall not 
form a very acute angle at their point of intersection! as in 
that case this point might not be so distinct to the eye as to 
be marked with accuracy. For example, in erecting a per- 
pendicular to a line at a given point, and in like problems, 
in which points are found by the intersections of arcs of cir- 
cles, it will be best and most convenient to take for the radii 
of the arcs the distance between their centres, as the angle 
between the tangents to the arcs at their point of intersection 
will then be 60°, which is a sufficient angle to give accurately 
the point where the lines cross. In cases like Figs. 10, 11, 
Arts. 22, 23, the arbitrary lines ab, a'V, &c, should be so 
chosen as to intersect the horizontals nearly at right angles, 
and so, also, that the resulting lines, by wnich the points 0, 
</, are determined, shall not intersect in too acute an angle* 

In all such cases of determining points, and where a point 
;s pricked into the paper, it will be found well to designate 
the point thus O, by a small circle drawn around it with the 
lead pencil, in order that the eye may see it with more dis- 
tinctness. 

6th. In deternrining a portion of a Une by the construc- 
tion of two arbitral/ points, the points should be so chosen 
that the portion required may fall between them and not 
beyond them. In Pi. 1, Fig. 10, for example, if the requir- 
ed portion of the line of intersection of the planes extended 
on either side, beyond 0, or 0', or beyond both, the lines ab, 
cd, &c., should be so chosen as to bring and 0', as far apart, 
at least, as the length of the required portion of the line 
which they serve to determine. 

7th. No means of verifying the accuracy of the construc- 
tion of points, or lines, should be omitted. In PI. 1, Fig. 9, 
for example, other corresponding horizontals should be drawn, 
and, if the line of intersection determined by the two points 
first found is correct, their points of intersection also will 
fall upon it. In PI. 1, Figs. 9, 10, the scale of declivity of 
the line of intersection being determined, the references of 
the points, where it intersects the scales of declivity of the 
planes, should be the same as the same points on the scales, 
if the line has been accurately determined. A. general ana 
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minute verification of all the parts of the drawing should bt 
made before any portion of it is put in ink. 

Neatness. This is a not unimportant dement in the at 
tainment of accuracy in drawing. A few minutiae, when 
attended to, will subserve this end. 

That part of the paper on which the draughtsman is not 
working should be kept covered with clean paper, pasted on 
the edge of the board, so as to fold over the drawing, and 
the parts which are finished should be similarly protected. 

Before commencing the daily work the paper should be 
carefully dusted, and die scales, rules and triangles be care* 
ftilly wiped with a clean dry rag. 

As few lines of construction as possible should be drawn in 
pencil ; and only that part of each which may be strictly ne- 
cessary to determine the point sought. As, for example, where 
a point is to be found by the intersection of two arcs of cir- 
cles ; when the position of the point can be approximately 
judged of by the eye, only a portion of one arc, which will 
embrace the point, may be drawn, and the point where the 
second arc would intersect the first be marked without 
describing the arc. In PI. 1, Fig. 10, instead of drawing 
the entire lines ab, cd, &c, it would be simply necessary to 
mark the points only where they cut the horizontals ; and, 
in like manner, the points o and o' might be marked without 
drawing the entire lines. 

No more of any line of the drawing should be made in 
pencil than what is to remain permanently in ink. The ob- 
ject of these precautions is to keep the paper from becoming 
covered with dirt and the lines from being defaced by the 
wear of the paper. 

Inking. In inking the lines the following directions will 
be found useful : 

Efface carefully all pencil lines that are not to be inked ; 
and those parts of the permanent lines which are not to re- 
main, before commencing to ink. 

When right lines are tangent to curves, put in ink the 
curve before the right line ; oraw all arcs of equal radii at 
once, one after the other ; if several arcs are to be described 
from the same centre, it will be well to put a thiij bit of quill 
over the point for the end of the dividers to rest on, to avoid 
aaking a large hole in the drawing. _ 

If the drawing is not to be colored with the brush, all 
the lines of one color should be put in before commencing 
on those of another. 

If one of the bounding lines of a surface is to be made 
heavier than the others, its breadth should be taken from 
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the surface they limit and not be added to it ; ar d when the 
heavy line forms the boundary of two surfaces, its breadth 
must be taken from the one o? greatest declivity. 

Coloring. When the drawing is to be colored, all lines 
that are not to be black may be put in first with black, mak 
ing them very faint, so that they may receive their appro- 
priate colors after the drawing is otherwise completed. 

No heavy line should be put in until the work with the 
brush is completed. 

When all the lines are in, the drawing should be thor- 
oughly cleaned with stale bread-crumb ; and then have sev- 
eral pitchers of water dashed over it, the board being placed 
in an inclined position to allow the water, colored by the ink 
lines, to escape rapidly, and not to discolor the paper. 

In using the brush, whether for flat tints, or graded, the 
requisite depth of tint should be reached by a number of 
feint tints laid over each other; this is especially necessary 
ai l&yiBg tints of blacks, browns, and reds. 

To obtain an even flat, or graded tint, on dry paper re- 
quires considerable skill. The best plan for this is, first to 
wet with a large brush, or clean rag, the surface on which 
the tint is to be laid, then, with a Sightly moist rag, clear 
the surface of water, and before the paper has time to dry 
to lay on the tint. With this precaution, the heaviest tints 
of Chinese ink, the most difficult of all to manage on dry 
paper, can be neatly laid down. 

Titles, &c. The lettering and numbering of a drawing 
should be in ordinary printed character ; this is particularly 
requisite in the numbering, to avoid misapprehensions which 
often arise from individual peculiarities m writing numbers. 

As has been already remarked, references are written in 
black, within brackets which, when practicable, embrace the 
point referred to. When not practicable, a small dotted line 
may lead from the point to the reference ; thus, 0. . .(25.50) ; 
but to distinguish references from other numbers the desig- 
nation of the unit is omitted. 

All horizontal distances between points are written upon 
a dotted line drawn between the points, with an arrow-head 
at each end ; where several partial distances in a right line 
are marked, it will be also well to mark the total distance : 
the latter may be written above or beneath the former, PI. 
2, Fig. 5. 

In writing horizontal distances, the usual designation of 
the unit is always written thus, y for yards, ' for feet, &c. 
All the munbers must be expressed in the same unit ; the 
tractional parts being in decimals. 
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References and horizontal distances cannot be too much 
multiplied, in order to avoid misapprehensions, and the re* 
suits of errors of construction, as well as to save the time 
that would be taken in applying dividers to the drawing to 
find from the scale affixed to it the dimensions of any part. 

Scale. A scale very accurately constructed should be 
affixed to the drawing before it is cut from the board ; so 
that the shrinkage of the paper, which is about ji T , may 
affect all the parts equally, and the scale thus be made to 
correspond to the real lengths of the lines on the drawing. 
The scale should be divided according to the decimal system, 
as being most convenient for counting off. 

The first division of the scale should furnish the units 
and also their decimal parts, if the scale bears that propor- 
tion to the true dimensions of the object represented which 
will admit of these divisions. This first division is numbered 
from right to left, PI. 2, Fig. 9, the zero point being on the 
right, the 10 point on the left*; the succeeding divisions, to 
50 inclusive, should each be equal to the first division, con- 
taining ten units each. The remaining divisions may con- 
tain fifty units each. It will be seen that any number of 
tens, units, or fractional parts of a unit can thus be readily 
taken off from the scale by the dividers. The scale should 
be long enough to give the dimensions of the longest line on 
the drawing. 

The proportion which the scale bears to the true dimen- 
sions of the object should be written above the scale ; thus, 
Scale one mch to ten yards, or j} z . And the designation 
of the unit of the drawing should be annexed to the last 
division on the scale, as yds. for yards, ft. for feet, &c. 

Note. — For more detailed directions on the mechanical 
or instrumental methods of geometrical drawing, see Mahan's 
Industrial Drwwmg. 
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STONE CUTTING. 

The object of this Article is to explain the geometries 
methods of representing the more usual and elementary 
combinations of blocks of stone in walls and arches, by 
means of their projections ; and from these and the data of 
the problem to deduce the true dimensions of the bounding 
surfaces and lines of each part. 

Walls bounded by Plane Surfaces. In walls of cut 
stone * the blocks are usually separated by horizontal and 
vertical joints ; the latter being in vertical planes perpendic- 
ular to the face of the walls, and which are termed planes 
of right section, to distinguish them from other vertical 
planes of section. When the face of the wall is inclined to 
the horizon, its slope, or batir, is usually expressed by the 
ratio of the base of the slope to the perpendicular, measured 
in the plane of right section ; or the slope is said to be so 
many base to so many perpendicular. In the right section 
A'&'C'iy, (PI. A, Fig. 1,) for example, the inclination of 
the face A'& to the base of the wall AB', is measured by 
dividing the perpendicular G'E' from C upon the line A'h r. 
by the distance A'E' between the point A' and the foot or 
the perpendicular. The quotient £1'. thus obtained, is ev- 
idently the natural tangent of the angle C'A'E' ; and tie 
most convenient method of representing the batir is by a 
fraction ; the numerator expressing the number of units in 
the perpendicular, and the denominator the corresponding 
number of units in the base ; thus a batir of \ expresses a 
slope of six perpendicular to one base ; a batir of f , one of 
three perpendicular to two base, &c. 

Prob. 1. Hommg gwen the right section of a wall, to 
construct the projections of its bounctmg lines, and the edges 
of the horizontal and vertical Joints. 

Let A'B'D'C, (PI. A, Fig. 1,) be the right section ; the 
base A'B' and the top CD' being horizontal; the face A'O 9 
having a batir rSi=f 5 and the back B'D' vertical. 

Draw a lino A A, , to represent the foot of the face in pl*u. 
Parallel to A A, draw GG t , and at a distance from it equal *o 

• See Mahan's Civil Engineering, Art. 851. 
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A'E\ the distance of the point A f from the foot of the per 
pendicular drawn from C in the plane of right section ; U 
will be the top line of the face in plan. Parallel to CO, , and 
at a distance CD ', the breadth of the wall at top, draw 
BB, , which will be the projection of the back. 

At any convenient distance from BB draw A" A!" par- 
allel to it, to represent the foot of the wall in elevation ; the* 
top C"D" will be drawn parallel to A"A"\ and at the 
height B'D f of the top above the base. 

To draw the projections of the horizontal edges, suppose 
the wall divided mto four equal courses by horizontal joints. 
As the batir of the wall is f , the base of the slope 01 each 
of these eaual courses will be one-sixth of its neight ; if 
lines therefore are drawn parallel to the foot AA t , and at a 
distance from each other equal to \ the height of each course, 
these lines will be the projections in plan of the horizontal 
edges, as shown on the right of the plan. As the projections 
of the vertical edges are contained in planes of right section, 
they will be drawn perpendicular to the horizontal ones, 
and breaking joints with them ; as represented on the same 
portion of the plan. 

The horizontal edges in elevation will be drawn parallel 
to A" A"\ and at a distance from each other eaual to the 
height of a course. The vertical edges will be drawn per- 
pendicular to these last, and corresponding to their projec- 
tions in plan. 

Remark. If the projections of any horizontal line of 
the face, at a given neiffht above the foot of the wall, are 
required, as mn and m n\ for example, it is evident that 
m n' will be drawn in elevation at the given height above 
the foot A"A"\ and that mm, will be parallel to AA t in plan, 
and at a distance from it equal to j the height of m!'n. 

Prob. 2. Bamna given the oatir of the faces of two 
walls thai, intersect, tns foot of each being m the same hori- 
zontal plcme, to draw me projections of the Une of intersec- 
tion ojthe j aces. 

Let Aa, (Fig. 1,) be the foot of one wall in plan, and the 
batir of its face f ; ab the foot of the other, and the batir of 
its face \. 

It is evident that the point a will be one point of the 
intersection in plan. If now a horizontal line be drawn in 
each face at the same altitude, they will intersect and give a 
second point of the intersection of the faces. Assuming any 
altitude for the horizontal line on one face, its projection 
mn, in plan, will be parallel to Aa, and at } of the assumed 
altitude from it. In like manner, the projection no of the 
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corresponding line on the other face having the batir f will 
be parallel to ab, and at \ the assumed altitude from it. 
Drawing, therefore, a line through the points a and n, thia 
will be the intersection in plan. 

To obtain the intersection in elevation, draw the foot of 
the wall A" a' in elevation, also the line m"n' at the assumed 
altitude. The point a will be projected in a', and the point 
n in n '; and the line a'n', drawn through them, will be the 
intersection in elevation. 

Prdb. 3. To construct the project/ions of the bounding 
Unes and edges of the Joints of a buttress against the mMn- 
ed face of a given waU; the base of the buttress being given, 
and being in the same horizontal plane as the base of the 
wall; the faces of the buttress, its end, and the top to have 
given slopes. 

Along the foot AA / set off the breadth of the buttress 
ad at its base, and construct the two sides ab. cd; and the 
end be of the base. Let the batir of the face of the wall 
be 6 f ; that of the two faces and the end of the buttress f ; 
&nd that of its top £. 

By Prob. 2 construct the projections, in plan and eleva- 
tion, of the intersections ae, a'e f , and dh, ah', of the faces 
of the buttress and wall ; and those bf bf, and eg, c'g', of 
the end and faces. 

To construct the projections of the top swrface of the 
buttress. 

Suppose that the top line of the buttress eh, e'h', where 
it joins the wall, is of the same altitude as the top of the 
wall ; and that the top surface from this line outwards from 
, the wall has the given slope }. Now, if a line as yV 
be drawn parallel to e'h' the top line, and at any assumed 
distance below it, this line may be regarded as the projection 
of a horizontal line in the top surface of the buttress ; and 
its corresponding projection in plan will be a line yz parallel 
to eh, and at six times the distance from it that y'z' is below 
e'h'. Having drawn these two lines of indefinite length, 
construct the projections of the horizontal in the face of the 
buttress which is at the same distance below the top. The 
projection in elevation will be a continuation of the same 
line y'z', and in plan its projection will be parallel to the 
foot ah, and at a distance from it equal to \ its altitude 
*bove it. Drawing an indefinite line xy parallel to ib at 
this distance from it, the point y, where it intersects the line 
yz, will be a point of the projection in plau of the intersec- 
tion of the top surface and face of the buttress. The point 
t is another point ; joining e and y'by a line and prolonging 
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it unti it intersects the projection of the intersection of the 
face and end at / this line ef will be the projection of one 
side of the top surface in plan. The other side hza will be 
found by a like construction. The points / and g being 
joined will be the projection of the end of the top surface. 

To obtain the corresponding lines in elevation; the points 
y and z are projected into y' and z' ; the points e', y\ and h\ 
«', are joined by lines which are prolonged to meet the lines 
which are the projections of the exterior edges of the but- 
tress at /' and g\ which correspond to /and g in plan, and 
the points f and g' are joined ; e'f'g'b! is the elevation of 
the top surface. 

The projections of the edges of the vertical joints in plan 
will be perpendicular respectively to the lines be and cti, and 
breaking joints as shown on the right portion of the plan. 
The projections of these lines in elevation will be found by 
projecting their extremities into the corresponding projec- 
tions of the horizontal edges in elevation, as shown on the 
3levation of the face and a portion of the end, on the right. 

Prob. 3, Case 2 (PI. B, Figs. 1, 2, 3). Hawing given the 
cross section of a brook, or other small natural water way y 
over which a full centre arched stone culvert is to be thrown, 
to support an embankment of a roadway, of a given height 
above the natural surface of the ground, to construct the 
bounding lines of a wing wall with plane bounding sur- 
faces. 

Figs. 1, 2 are the elevation and plan, or the vertical and 
horizontal projections of the parts ; P Q being the ground 
line. Fig. 3 is a section and elevation, through the axis of 
the arch, on the vertical plane of which E S is the ground 
line. M, M' are the slopes of the embankment. N, N' the 
bottom of the brook. 

Let C B Z', Fig. 1, be the cross section of the side bank 
of the water way, and of the adjacent level ground ; O the 
centre of the semicircle of the full centre arch, taken on the 
level C B of the natural surface ; L I the level of the top of 
the embankment ; 1/ E', Fig. 2, the foot of the embankment 

The wing wall and arch {Figs. 1, 2), are supported upon 
a general substructure, the height of which is AA ; ; the 
plan of that portion of which, supporting the wing wall, is 
shown by A' B' C. The faces of this substructure being 
vertical, and projecting a distance, represented by Z A, be- 
yond the springing line of the arch, the foot of the wing wall, 
and the foot of the embankment; the point B' being taken 
on the crest B' K of the side bank. 

Through the line Z D, Z' D', the foot of the wing wall, 



STONE CUTTiXf*. 27 

the plane of its face is passed ; the top point of which X, X' 
is found by drawing a line m n parallel to Z' D', and at a 
distance from it equal to the base of the batir corresponding 
to the height of the embankment L I above D Z, ana taking 
its intersection X, X' with the top line of the head of the 
arch. Joining X Z, it will be the elevation of the intersec- 
tion of the face of the wing wall with the end of the arch. 

The top surface of the wing wall X" D" {Fig. 8), receives 
the same slope as the side slope of the embankment M, M', 
and is here taken to coincide with it. The wing wall is ter- 
minated at the end by a vertical plane D" F" parallel to the 
head wall of the arch. The thickness IX, FX' of the wing 
wall at top is assumed. 

Joining the points X 7 D' and X D, the interior edge of 
the top line of the wing wall is found. Drawing I H and 
I' H' respectively parallel to these, the exterior lines are 
found. 

The lower end of the wing wall is terminated by what is 
termed a newel 8tone % which serves, m this case, as a buttress. 
The height of this stone D" F" is arbitrary, as is also its 
slope F" G" on top. Assuming these, the intersection of 
the vertical plane, terminating the wing wall with its face, 
will be the lines F' D', F D, parallel respectively to X 7 Z' 
and X Z. The lines F' G', F G, and H' E> H E, which also 
areparallel, will be found by Prob. 3. 

Tne vertical joints of the face of the wing wall are per- 
pendicular to its face. Drawing the line X' Tr perpendicular 
to D' Z', and its corresponding projections X i , A/' Y" on 
Figs. 1, 3, the directions of the edges of the vertical joints, 
as a/ y', x y, x" y", will be parallel, on their respective Figs., 
to these lines. 

The top of the wing wall, instead of a coping, is formed 
with elbow joints uniting with the horizontal joints. The 
portion of the joint forming the elbow is perpendicular to 
the top surface. Drawing then a line Z" W" (Fig. 3), per- 
pendicular to D" X", and its corresponding projections Z W, 
Z' W on Figs. 1, 2, these will be the directions z w, z' w', 
z" w", of the elbows. The depth o f the elbow is arbitrarily 
assumed, by drawing a line p" q" on Fig. 31 parallel to 
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To facilitate the geometrical operations for determining 
the bounding surfaces and lines of the voussoirs of arches, a 
few preliminary problems and theorems, on which these 
operations are based, will first be explained. 

Prob. 4, (PI. Aj Fiq. 2.) Hamncj given a semi cylinder, 
the right section of whtch %s a semicircle, and its axis ana 
two ooundina elements being horizontal, to construct the pro- 
jections of the intersection of the cylinder by a plane inclined 
to its axis and hewing a given inclination to the horizontal 
plane containing the axis; also, the projection of the voter- 
section of this semi cylinder with another semi cylinder with 
a semicircle also for its right section, the axis and bounding 
elements of this last being in the same horizontal plane as 
those of the first: and then to develop the portion of the 
first semi cylinder which lies between the given plane and 
the other cylinder. 

Let a'c'V be the right section of the given cylinder, and 
of its centre ; the line a'V being horizontal Let a A and 
b'B be the horizontal projections of its bounding elements, 
and o'C that of its axis. Let ab be the trace 01 the given 
inclined plane on the horizontal plane of the bounding ele- 
ments ; AB one of the bounding elements of the other cylin- 
der, and LM its axis. The quadrant AL' the half of the 
right section of this cylinder ; L the centre of this quadrant. 

1st. Taking any two elements of the given cylinder, at 
the same heiffnt, as x'x % and y'y 9 , above a'V , they w* 11 *** 
projected in plan parallel to the axis o'C % and will be dra-* 
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indefinitely through the points x t and y t . The given incli led 
plane will cut these elements at the same height a/x ty and if 
the projection ay of a horizontal line in this plane, at the 
height x'x t , be drawn, the points x and y, where it cuts the 
two elements of the cvlinder, will be two points of the re- 
quired projection in plan. To construct this line xy 9 let the 
fiven inclination of the plane be | ; the projection of this 
orizontal line, which is at the height x'x % above the foot ab 
of the plane, will be {Prdb. 2) parallel to aJ. and at a distance 
from it equal to i of x'x 9 ; drawing therefore xy parallel to 
aJ, and at this distance, it will be the required projection in 
plan. The points x and y thus found will be two points of 
the projection in plan required. In the same way any num- 
ber of points can be found, and the curve axcyb, traced 
through them, will be the required projection in plan. 

The construction just explained, although verv simple, 
may be abridged as follows : Through a' draw or' perpen* 
dicular to a' b ; prolong y'x' to the left, and set off from m"\ 
where it cuts a'f\ the distance m'"x'" equal to mx, as before 
found. Through a'x'" draw the indefinite line a'e'. Now, 
to construct the projection of anv other point in plan, as c 
on the element at the height d ; through d draw a line par- 
allel to a!b\ take the part o'"d" intercepted between a!f* and 
old and set it off from 0, where the projection of tne ele- 
ment through d cuts ah, to c along the projection of the ele- 
ment ; will be the required point. This is evident from 
the relations which the heights and horizontal distances con- 
sidered bear to each other. 

2d. To find the projection in plan of the intersection of 
the cylinders. Draw AD perpendicular to AL. If a dis- 
tance At" equal x'x % is set off on this line, and a parallel to 
AL be drawn through r", the point u" where it cuts the 
quadrant will give the point on it through which the element 
of the second cylinder, at the height x'x t of the two elements 
at x' and y', is drawn. Through u" drawing an indefinite line 
parallel to AB, the bounding element of the second cylin- 
der, it will be tne projection in plan of the element at the 
height Ar"=x'x 9 ; and the points w and v, where it cuts the 
two projections of the elements of the firpt cylinder at the 
same height, will be two points of the required projection. 
In the same way other points would be found, by construct- 
ing the projections in plan of corresponding elements on 
the two cylinders. 

This operation, like the former, may be also abridged aa 
follows : Through V draw a perpendicular Vd' to a' V. With 
a radius equal to AL describe a quadrant tangent to I'd' at 



80 STONE CUTTDia. 

b\ Now, if <rV be prolonged to the right, it is evident that 
the distance r"V", intercepted between bd' and the quad- 
rant, is equal to / V, or to rw. In like manner, the point 
C in plan is obtained by setting off from t, on the element 
AJS and along o C, the distance t C= i!C'. The curve Aw CvB y 
drawn through the points thus determined, will be the pro- 
jection in plan of the intersection of the two cylinders. 

3d. To make the development of the portion of the cyl- 
inder which lies between the two intersections thus deter- 
mined, it will be necessary to obtain the distances of the 
points of these two intersections from a curve of right sec- 
tion ; since the tangent to this curve at any point being per- 
pendicular to the element of the cylinder at the same point, 
the curve when developed will also be perpendicular to the 
elements when developed, and will therefore develop into a 
right line. 

To determine the relative positions of these curves in 
development ; first develop the curve of right section aldb\ 
on the line a!V prolonged to the right, by setting off the dis- 
tances i'y", b'c'\ &c, to a", equal respectively to the lengths 
of the arcs Vy\ b'c' 9 &c, to a\ Through the points y", o'\ 
&p., draw lines perpendicular to b'a" ; these will be the de- 
veloped elements of the cylinder through y\ c\ &c. Set 
off along these lines the distances y"v, ,c"U n &c, respectively 
equal to the distances y t v, o'C 9 &c, and through the points 
Z?, v x , O l9 w 19 A l9 draw a curve. This is the developed inter- 
section of the two cylinders. Make the same constructions, 
on the same developed elements, with respect to the distances 
of the points y, c 9 x 9 a, from a'b' ; the curve bc x a x9 drawn 
through these points, will be the developed intersection of 
the oblique inclined plane and the cylinder. 

In like manner, if the given cylinder were cut by a plane 
perpendicular to the horizontal plane and oblique to its axis, 
of which ab 9 for example, is the trace, the developed curve 
of its intersection would be obtained by setting offalong the 
developed elements the distances of the points a, m, 0, &c, 
from ab\ and through the points thus determined drawing 
a curve bo x a x . 

JBemark. The curve of right section in development 
serves only as a fixed line from which the relative positions 
6f other points, with respect to it and to each other, can be 
determined; since it develops into a right line, and the 
elements in development are perpendicular to it. The posi- 
tion of this curve may be therefore fixed arbitrarily, as may 
be found most convenient for the purposes of the drawing. 
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Proo. D, (PI. A y Fig. 4). % Let the semicircle A'C'B' be 
&« curve of intersection of a given semi cylinder by a ver- 
tical plane, the diameter A'B' being horizontal, and suppose 
tho, bounding elements through A: and B' to be limited at 
a horizontal plane at the distance AA' below A'B', and to 
pierce this plane at the points E and D, on a line parallel 
to AB and at a given distance from it ; these elements being 
oblique both to the vertical plane and to the horizontal plane, 
and therefore not projected on either into their true lengths. 

Let ZM be the axis, and ED a bounding element of 
another semi cylinder, the right section of which is a semi- 
circle; ZM and ED being also in the given horizontal 
plane. 

It is proposed* with these data, to find the lengths of the 




of right section of the oblique semi cylinder at amy assumed 
point/ amd the development of the portion of it which lies 
between the given vertical pUme ana the horizontal semi cyl- 
inder. 

1st. The simplest method of finding the true lengths of 
the elements between the vertical plane and horizontal cyl- 
inder will be to construct theirprojections on another vertical 
plane parallel to them. Let Bffbe the trace of such a plane 
on the horizontal plane containing the axis ZM of the hori- 
zontal semi cylinder, and Be' its trace on the given vertical 
plane. This assumed plane cuts from the horizontal semi 
cylinder an ellipse of wnich DN is evidently the semi trans- 
verse axis, ana the radius of the semi cylinder, which is 
equal to the distance between the axis and the bounding 
element ED, is the semi conjugate ; setting off this distance 
from N to N\ on a perpendicular to Dlf, and describing 
the quadrant of an ellipse DN\ on these lines as semi axes, 
it will be the half of the curve cut from the semi cvlinder, 
and will be its position when the plane in which it lies is 
revolved around its trace BN to coincide with the given 
horizontal plane. In this revolved position of the plane, the 
line Bc\ in which it cuts the given vertical plane, will be 
found in BC" perpendicular to Slf. As this plane contains 
the bounding element of the oblique semi cvlinder projected 
in BD 9 this element will be found mDB when revolved, 
the height BB" being equal to BB\ the height above AM 
in whicn the element pierces the given vertical plane. 

Now, if any other vertical plane be passed parallel to 
the one assumed, as that of which OG t , and CU\ parallel 
respectively to BN and Be' are the traces, it will cut from 
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the horizontal semi cylinder an ellipse, equal to the one 
already described; and from the given vertical plane the 
line uC ; and, as it contains also the element projected in 
OC l9 by revolving this plane also, like the last, tracing the 
quadrant of the ellipse cut out, the line CC\ and the element 
in their revolved positions ; the portion of this element be- 
twtvu the vertical plane and tne horizontal cylinder may 
thus be determined. In like manner, the corresponding 
lengths of any other elements, as those which are projected 
in mm, , and nn , might be found. But as these successive 
operations would be long, a more simple and expeditious 
method is resorted to, as follows : As the elements of the 
horizontal semi cylinder are parallel to the given vertical 
plane, if all the points on this plane and cylinder are pro- 
jected on the assumed vertical plane of whicn BN and Bcf 
are the traces, bv a system of lines oblique to this plane and 

Sarallel to the elements of the horizontal cylinder, it is evi- 
ent that all the ellipses cut from the horizontal cylinder 
will be projected into the one cut from it by the assumed 
vertical plane ; that all the lines, as CG\ mm, rm\ &c, cut 
from the given vertical plane, will be projected in Be' ; ancL 
in the revolved position of the assumed vertical plane, will 
be found in BC"; whilst the portions of elements of the 
oblique semi cylinder, which lie between the horizontal semi 
cvlinder and the given vertical plane, will be projected on 
the assumed vertical plane in their true lengths, and, in its 
revolved position, will be found parallel to B"l), and drawn 
through points n ", C" 9 &c, at the same height above B, on 
the line jfftf", as the corresponding points m\ C\ n\ are 
above AB. Drawing these parallels, the portions n'"m" 9 
C"C"\ &c, between the line BC" and the curve DN', will 
be the lengths required. 

As there are two elements on the oblique semi cylinder, 
one on each side of the highest one, projected in CC t , as 
those projected in rrvm t , and rm / , which are of the same alti- 
tude, the lines J9"J9, n'W, &c, will be respectively the 
revolved positions of the projections of the corresponding 
pairs of these elements. 

liemark. Bv using the system of oblique projecting 
lines, instead of the usual mode of perpendicular ones, 
the relative positions of the lines projected are not changed- 
since these lines, being all parallel to the assumed vertical 
plane, will be projected on it in their true lengths, whether 
the projecting lines be oblique, or perpendicular to this 
plane. By the system of perpendicular projections, a sepa- 
rate construction, like the first, would have been requisite to 
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determine each element ; whereas by the oblique one used 
the construction of one ellipse DN „ and of the line BC" are 
alone sufficient. 

2d. The curve of right section must lie in some plane 
perpendicular to the elements of the oblique cylinder. To 
ex such a plane, draw a line .XT" perpendicular to the pro 
jections of the elements on the horizontal plane; and from 
Y 9 where it cuts BD, another line YZ perpendicular to the 
projections of the elements on the assumed vertical plane. 
These two lines may be taken as the traces of a plane on 
these two planes ; and, as these traces are perpendicular to 
the projections of the elements on the two planes, the plane 
itself will be perpendicular to the elements, and will cut 
from the cylinder a right section. 

To construct this curve of right section, it will be neces- 
sary to find, in the first place, on the assumed vertical plane, 
the projections of the points in which the elements of the 
oblique semi cylinder pierce the plane of right section. To 
do this, it is evident that the vertical planes which contain 
these elements, as the one, for example, of which CC X and 
CC are the traces, cut the plane of right section in lines 

Sarallel to YZ, its trace on the assumed vertical plane. To 
nd the projection on this plane of the line cut out by the 
vertical plane of which CC X and CC are the traces, it is 
plain that the point 2, where the horizontal traces XY and 
OO l intersect, will be one point of the required line. This 
point, being in the assumed horizontal plane, will be pro- 
jected into the line BJV, the ground line of the assumed 
vertical plane, at z\ by drawing a line through z parallel to 
AB, accordiag to the method of obliqueprojections adopted. 
If from z' a line be drawn parallel to YZ, this line z'z" will 
be the required projection of the line cut from the plane of 
right section by the vertical plane which contains the ele- 
ment projected in v CC. The point 2", where this line cuts 
C"C", the projection of this element on the assumed Verti- 
cal plane, will be the projection on this plane of one point 
of the curve of right section. In like manner, projecting 
the points X, x, y, &c, into the ground line BJy at X^x ^ 
y\ &c, and, from these last points, drawing parallels to YZ, 
the points X\ x", y", &c, in which they cut the correspond- 
ing elements in projection, will give other points ; and the 
curve X'x"z"y" Y will be the projection of the curve of 
right section required. 

BemwrJc. Since the elements are projected on the as- 
sumed vertical plane into their true lengths, it is evident 
that taking any point of this projection of the curve of 
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right section, as x" for example, the distance xf'm" will be 
the true distance of the point of which x" is the projection 
from the horizontal semi cylinder, as measured on tne ele- 
ment projected in n'"m" ; and x' V" will be its true distance 
from the vertical plane containing the semicircle AC'B'. 
In like manner, the true distances of other points of the 
curve of right section from this plane and from the horizon- 
tal semi cylinder measured along the elements may be found 
from the projection of this curve. 

Having found the projection of the curve of right sec 
tion, the curve itself can be found by revolving the plane 
of right section upon the horizontal plane around its trace 
XY? The distance zz % of the point projected in z" from 
XYfo evidently equal to sV, since this line is the pro- 
jection, in its true length, of the one in the plane of right 
section drawn through tne point z in the vertical plane 
containing the element projected in CC\ In like manner, 
the distances XX X9 xx„ yy„ being set off from XY 9 along 
the perpendiculars to it through these points, and equal 
respectively to the distances XX", x'x'\ &c, the curve 
X x X£jy % Y\ will be the required one. The line X x Y x which 
* corresponds to X" Y in projection will be the diameter of 
this curve. 

3d. Having the curve of right section in its true length, 
as well as the elements of the oblique cylinder, and the 
points where they cut this curve, it will be easy to make 
the required developments which, for convenience, will be 
done on the assumed vertical plane in its revolved position. 
To do this set off on the line YZ, from the point Y\ the 
distances Yz„ Yx„ YX 9 respectively equal to the arcs 
Y x y 9 z„ Y x x 9J &c, of the curve of right section. The right 
line YX 9 will be the development of this curve. Through 
the points z„ x t9 &c, thus set off, draw perpendiculars to 
YX n these will be the indefinite lengths of the developed 
elements drawn through the points z„ x„ &c. From these 
last points set off z % G % , z t G K respectively equal to z"C" and 
z"C / in like manner, set off the distances x t n % and x t m 9 
respectively equal to x"ri" and x"m"\ &c. The curves 
B"C t n % A n and DCjfn t E t * will be the developments respec- 
tively of the semicircle A'C'B\ in which the oblique semi 
cylinder cuts the given vertical plane through AS 9 and of 
the curve in which it intersects the horizontal semi cylinder. 
The developed portion of the oblique semi cylinder which 
tfes between these curves and the developed positions B"J) 
and A X E X oi its bounding elements will be the one required 
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4th. To obtain the horizontal projection of the onrve in 
which the semi cylinders intersect. Project the points 0"\ 
m" 9 &c, into DJy, by perpendiculars ; from the foot, as G %y 
of each perpendicular draw an oblique projecting line 
parallel to AB: the points, as C x , n x , m x , &c, in which these 
intersect the projections of the corresponding elements, will 
be points in the required projection ; and the curve Dn x G t m x lL 
will be the one required. 

Theorem 1, (PI. A, Fig, 3.) If the lines AB and DE, 
which bisect each other ana are horizontal, are the transverse 
oases of two semi ellipses, the. planes of the two curves bemg 
vertical, and ha/vi/ng the same semi conjugate aacis,prcjected in 
the pointQ, then will the lines which join the points of the 
curves at the same height above the horizontal plcme of the 
transverse axes be parallel to each other. 

Let A'C'B' be the projection of the semi ellipse, having 
AB for its transverse axis^ on a plane parallel to itself; ana 
let the other curve be revolved about the common semi 
conjugate into the plane of the first and be projected into 
D'U'jE'. Drawing any line, as m'n', parallel to A'B', it 
will cut the two curves at the points ml, n', and o', p', at 
the same height above the horizontal plane ; the first two 
being projected horizontally in m and/i; the second in o x 
and^ m the revolved position of the second curve, and in 
o and p in its original position. Joining the points o and 
m, also p and n, then will these lines be parallel to each 
other, and to the lines AD and EB which join the lowest 
points of the two curves. For, from the properties of two 
ellipses having a common conjugate axis, tne corresponding 
ordinates of tne curves to this axis will be proportional to 
their semi transverse axes ; that is, 



m'\yf :: G"B' : C"E'\ 
•, On : Up :: 



or, On: Op :: CB : CE; 
by substituting the equal lines in horizontal projection. But 
when this last proportion obtains, the lines pn and EB are 
parallel. In like manner, mo may be shown to be parallel 
to AD, and consequently to EB. The same holds true for 
the lines mp and on, with respect to AE and DB. 

It follows from this that two semi ellipses, having the 
above conditions, will be the curves of intersection oi two 
semi cylinders, the axes of which lie in the horizontal plane 
of the transverse axes of the curves, and are parallel respec- 
tively to the lines joining the extremities of these axes. 
The converse of this proposition is also evidently ti ue, viz. : 
if the axes of two elliptical or circular semi* cylinders lie in 
the same horizontal plane and intersect, and the highest ele* 
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mont of each is at the same height alxn e this plane, then 
will their curves of intersection be plane curves, and be pro- 
jected on the horizontal plane in the two right lines which 
join the opposite points of intersection ot the lowest ele* 
ments. 

Theor. 2, {PI. A, Fig. 5.) Let A'C'B' be the vertical 
projection of a serai ellipse situated m a vertical plane, oj 
which AD, parallel to A'B', is the horizontal trace; and It 
the point O, on the perpendicular OC to AB which bisects it, 
be the horizontal projection of a vertical Une through O, and 
let the semi ellipse and this vertical be taken as the directrices 
of a surface, generated by moving a Une parallel to the hor- 
izontal plane, and in each of its successive positions touchimg 
the vertical at O cmd the semi ellipse/ then will a/n/y section 
of this surface by a plane, as ad, parallel to the plane of 
the ellipse, be also an ellipse of which the line ab intercepted 
between OA and OB, will be one axis, and the line O'C equal 
to the other send axis. And a tangent line drawn to this 
ellipse at any point, as the one projected in n, n', will fierce 
the horizontal plane in a line OD, drawn from the point O 
to the point D, where a tangent to the directing elMpse at the 
point projected in m, m', at the same height as n', also pierces 
the horizontal plane. 

1st. Through the point projected in n, n', draw the pro- 
jections Om and o'm! of an element of the surface, and 
project the line ab into a'b r . As the lines BC and bo are 
parallel, there obtains 

BC : bo :: mC : no; 

butBC=B'0'; bo=b'0', £Lnd'mC=m'o'; no=n'o'; 
therefore, B'O f : b'O' :: rn'o' : n'o', 
which shows, from the properties of ellipses having a com- 
mon axis, that the curve b'n' O is an ellipse. 

2d. Let tangents be drawn to the two ellipses at the cor- 
responding points ml and n', at the same height above A'B'. 
These tangents will intersect the common axis at the same 
point E', and the other axis at points D f and d' such, that 

O'D' : O'd'v.mW: n'o'. 
Projecting the points D' and d f into the respective planes 
of the two ellipses at D and d, and observing that &D'=. 
CD; 0'd f =od; m f o'=mC; &ndn'o'=no; there obtains 

CD : Cm :: od: on; 
that is, the line joining the points D and d passes through 
the point O. 

liemark. This surface is a right conoid of which the 
horizontal plane i* the plane director. 
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Prob. 6. To construct a tangent plane and a normal 
line to the conoid at any point, as n, n'. 

Draw the projections of the element Om, o'm' of the 
surface at the given point. Find where the tangent to ,the 
directing ellipse at the point m, m' pierces the horizontal 
plane. Join this point J) with 0. Through n draw a par- 
allel to CD, and where it cnts OD, at d, draw a line 3LY 
parallel to Om. m This is the horizontal trace of the tangent 
plane at n, n'. For the tangent line at the given point to 
the ellipse projected in ah pierces the horizontal plane at d, 
this is therefore one point of the horizontal trace required, 
and as the element of the surface is contained in the tangent 
plane and is horizontal the trace Xl^will be parallel to Om. 

The line &u, drawn through n perpendicular to X Y, is 
the indefinite projection of the normal to the surface at 
n y n\ 

Prdb. 7. {PI. A, Fig. 6.) To draw a tangent plcme and 
a normal Vme to a heUcoidm surface at a gwen point on the 
surface. 

Suppose XYZ, the involute of any given curve xvz, to 
be the base of a vertical cylinder • and let the line Zy , tan- 
gent to this curve at . Z, be the horizontal trace of a plane 
tangent to the cylinder along the element projected in Z; 
and in this tangent plane, revolved on the horizontal plane, 
let any inclined line Zy" be drawn through the point Z. If 
the tangent plane be now returned to its vertical position, 
and be wrapped around the vertical cylinder, the inclined 
line Zy" will form a helix on the cylinder, and the points 
y", m", &c, in their position on the cylinder, will be pro- 
jected into its base, at the points Y, m, &c. ; such that the 
arcs ZY, Zm, will be equal to the distances Zy', Zmf, &c, 
from Z to the projection of these points in the tangent 
plane into its horizontal trace. If a right line be moved 
along this helix so that in all its positions it shall be parallel 
to the horizontal plane, and be projected on this plane in 
lines as Zz x , Yy, normal to the curve XYZ, this line will 
generate a helicoidal surface, the elements of which will be 
normal to the cylinder of which XYZ is the base, and tan- 
gent to the one of which xyz x is the base. 

Let the point projected in Y, and which is at the height 
y*y" above the horizontal plane, be the one at which it is 
required to construct a tangent plane, and a normal line to 
the surface. As the helix makes a constant angle, equal to 
the one Zy"y' 9 with the elements of the cylinder, at the 
points where they intersect; and as a tangent to the helix 
at any point n akes the same angle as the helix does at thii 
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point with the element of , the cylinder; it is evident that 
the tangent to the helix, at the point projected in Y, will 

Sierce the horizontal plane, at a point s, on the tangent 
rawn to the* curve at Y, at the same distance from this 
Eoint as the distance Zy'=ZY. This point z will therefore 
e one point of the horizontal trace of the required tangent 
plane. But, as the tangent plane contains the horizontal 
element of the surface at the given point, its trace on the 
horizontalplane will be parallel to this element. Drawing 
a line AE through z parallel to Jy, this will be the trace 
of the required plane. The normal will evidently be pro* 
jected in Yz, as this line is perpendicular to AB the requir. 
ed trace. 

To find the true length of this normal let CD, parallel 
to Yz, be the trace of a vertical plane. The element through 
the given point will pierce this plane at a height YY above 
CD equal to y'y". The normal line will be projected on 
this plane in its true length, and will pass through the point 
Y. But, as the vertical plane througn CD is also perpen- 
dicular to the tangent plane at the given point, the line 
Yz' will be the projection as well as the trace of the tangent 
plane on this vertical plane. The line YS drawn perpen- 
dicular to Yz' will therefore be the indefinite projection of 
the required normal. 

Remark. The traces of all tangent planes to the surface, 
at points on the element considered, will evidently be par- 
allel to Yy, the projection of this element ; and the trace 
of any one may be readily found by means of the point z. 
For, through y, where the projection of the element is tan- 
gent to the curve asyz, through the point z draw an indefinite 
line yy x : then if at any point on the projection of the ele- 
ment Yy -a line be drawn parallel to Yz, the projection of 
the tangent at Y, the point where this parallel cuts yy x will 
be a point in the horizontal trace of the tangent plane at 
the assumed point. This may be readily proved as follows : 
Let the tangent projected in Yz, and the element of the 
cylinder projected in y be taken as the directrices of a warp- 
ed surface of which the horizontal plane is the plane director, 
This warped surface will be tangent to the helicoidal surface 
throughout the' entire element projected in Yy; for they 
have the same plane director; a common tangent plane at 
the point projected in Y; and also one, whicn is vertical, 
at the point projected in y. Now, as the warped surface in 
question is a hyperbolic paraboloid, any vertical plane par 
allel to Yz will intersect it in a right line which will cut the 
element projected in Yy, and pierce the horizontal plane ir 
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the line yy x where the trace of the assumed vertical plane 
cuts it. This point will therefore be a point in the trace oi 
a -tangent plane to both surfaces at the point where the line 
cut from the hyperbolic paraboloid intersects the element 
common to the two surfaces, and along which they are 
tangent. 

jProb. 7, PI. 1. To construct the projections <md true 
dimmsiotis of the hounding Unes and surfaces of the vous 
sovrs of a horizontal full cent/re a/rch. 

This problem comprises several cases, according to the 
character and the positions of the surfaces which form the 
ends or heads of the arch. 

Case 1st. The arch being terminated at one end by a ver- 
tical pUme oblique to its axis and at the other by a vertical 
plane perpendicular to the axis. 

Let the semicircle {Fig. 1) of which B'C is the di 
ameter, be the right section of the soffit of the arch, and 
having divided it into any odd number of equal parts, as 
five for example, draw through the points of division F\ 
F\ &c, radii which prolong to the semicircle described on 
A'D as a diameter. These radii will be directions of the 
joints in the right section, A!B' being their common thick- 
ness. Through the points A\ I\ G\ &c, drawing vertical 
and horizontal lines, they will be the exterior bounding lines 
of the voussoirs in right section ; the line K'K" which 
bounds the top of the keystone being assumed at pleasure. 

Let AD (Fig. 2) be the trace on the horizontal plane 
containing the axis and lowest elements of the arch of the 
vertical plane oblique to the axis which forms the front end 
of the arch, and ad the trace of the one perpendicular to 
the axis that bounds the back end. 

As the edges of any voussoir, as the one of which Q'M' 
N'O'P' (Fig. 1) is tne right section, are all parallel and 
horizontal, they will be projected into their true lengths in 
plan between the two traces of the end planes. The one 
.corresponding to M' will be projected, in plan (Fig. 2) in 
M i 7n i ; that corresponding to JV' in N t n t , &c. 

As all the joints, except the two lowest, are oblique to 
the horizontal plane, their horizontal edges alone are pro- 
jected into their true dimensions in plan. The two lowest, 
corresponding to A'B f and CD, are projected into AaftB, 
and OcdD respectively. To find the true dimensions of the 
others, and the development of the soffit, develop in the first 
place the right section of the soffit, by setting off the dis- 
tances B'E',E'F\ &c, (Fig. 5) respectively equal tc 
the arcs B'F\ &c. (Fig. 1) ; and then, by Fig. 2, PI. A, 
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find the points B, E /9 M n &c, of the developed curve 
in which the soffit is intersected by the oblique plane of 
the front end ; also the right line a, e n m n &c, which i* 
the development of the rjgnt Bection in which it is cut by 
the plane of the back. Tne surface bounded by the devel- 
oped curves and the two lowest elements of tjie semi cylin 
der is the developed soffit. 

To find any oblique joint in its true dimensions, as the 
one projected in plan between the lines M/m and JSf / n / , set 
off irom M\ {Fig. 5) to the right along M'C a distance 
equal to M'N' {Fig. 1), the breadth of the joint. From 
the point N' {Fig. 5) draw a line perpendicular to B'C\ 
and from FT set off N r N i equal to n f N i {Fig. 2). Join the 
points M t N t y the trapezoidal figure Jf / iv / n / m / is the requir- 
ed joint. In like manner the true dimensions of all the 
other joints are found as shown on Fig. 5. 

Case 2d. The arch being terminated at one end by a plane 
oblique to its axis and to the horizontal plane of its two low- 
est elements amd at the other by a vertical plane perpendicu- 
lar to the oasis. 

Let AD {Fig. 2) be the horizontal trace of the oblique 
plane, and let the angle which it makes with the horizontal 
plane be £. Drawing any line vw parallel to AD {Prob. 1) 
as the projection in plan of a horizontal line of this plane, 
and from any point as A a perpendicular Ax to vw, the 
height of the point x above the horizontal plane will be 
three times the distance Ax. Setting oft* from A' {Fig. 3) 
the length Ax to x\ at x' erecting the perpendicular x'x"= 
ZA'x' and joining A\ #", the angle x'A'x" will be the angle 
between the oblique and horizontal planes. Taking now 
the distance Ay {Fig. 2) in which the line vw cuts the line 
Aa, parallel to the axis, and setting it off from A' to y' 
{Fig. 3), erecting a perpendicular yy"=x'x'\ and joining 
A'y", the angle y'A'y" will be the one between the oblique 
and horizontal planes measured in the vertical plane parallel 
to the axis of which Aa {Fig. 2) is the trace. 

Having drawn the line A'y", and the vertical at A\ 
the projections in plan of the points in which the oblique 
terminating plane cuts the bounding horizontal lines of the 
voussoirs corresponding to the points E y 1\ F\ &c. {Fig. 1) 
in right section are readily determined by applying the con- 
structions in Prob. 4. The points in plan corresponding to 
E' and F {Fig. 1), for example, will be found by drawing 
lines through E\ F parallel to A'y\ taking the lengths 
E"E"\ ATA"' and sstting them off from E, and i", (%. 
2) from the tra 5e AD to E and /, along the projections lit 
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plan of the corresponding edges of the vcussoirs. The 
curve BEF, &c, thus obtained, and the pentagonal figures 
E1HOF, &c, are the projections in plan of the oblique 
sections of the soffit and voussoirs of the arch. 

Remark. As a verification of the accuracy of the con- 
structions, the lines IE, OF, &c, prolonged should pass 
through the point L where the axis cuts the trace AD; and 
the lines A,l, HO, &c, should be parallel to AD, as the 
top surfaces of the voussoirs are horizontal planes. 

Case 3d. The arch being terminated by am, oblique plane, 
as in either of the preceding cases, and at the other extremity 
by a semi circular cylinder, its aoris amd two bovmdmg ele- 
ments being in the same plane as the corresponding Unes of 
the arch and perpendicidar to them. 

Let ad (Fig. 2) be one bounding element of the given 
semi cylinder. Having set off the radius of this cylinder 
from D, (Fig. 4) on the line A'D prolonged, and described 
a portion or the semicircle tangent to the vertical DN", 
draw through the points M', JV, &c, (Fig. 1) parallel lines 
to A'D. By Prw. 4 find the projection in plan of bef, &c, 
of the curv^ of intersection of the soffit of the arch and the 
semi cylinder ; also the projections of the points i, h, g, &c, 
in which the horizontal edges of the voussoirs intersect the 
semi cylinder; the pentagonal figures efghi, &c, will be the 
projections in plan of the lines in which the surfaces of the 
voussoirs intersect the semi cylinder. Any point in plan, aa 
n, is found by setting off a length n/n from ad along the 
projection of the edge corresponding to N*, equal to the dis- 
tance N"N"' (Fig. 4). 

Remark. The lines ei,fg, &c, are portions of ellipses, 
which prolonged pass through the point I, in which the axis 
of the arch cuts the bounding elemental. The lines gh, 
no, &g., are right lines, being the projections of the inter- 
section of the horizontal surfaces of the voussoirs with the 
semi cylinder. The lines hi, op, &c, are the projections of 
arcs oi circles in which the side vertical planes of the vous- 
soirs corresponding to HT, O'P', intersect the semi cyl- 
inder. 

The true dimensions of the joints in either of the twc 
last cases are found by setting on from the line B'C (Fiq. 
5) the lengths along the perpendiculars, at the points E', I, 
&c, which correspond to the distances respectively of the 
points E, /and e, i, (Case Sd, Fig. 2) from A'D. 

Memark. As a verification of and aid to accuracy of 
construction, let a line IX (Fiq. 5) be drawn parallel to the 
edge M'm and at a distance from it equal to Z'M 1 (Fig. 1} 
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the radius of the right section ; the right lines MS and 
M { JS r t prolonged should intersect the line II at the same 
point Z, such that the length LI {Fig. 5) shall be the same 
as II {Fig. 2). In like manner the curve nu t m prolonged 
should intersect the same line II at the point I which cor- 
responds to the one I {Fig. 2). Similar constructions of 
verification will be found on Fig. 5 {Ph. 3 and 4). 

From an examination of Fig. 2 it will be seen, that the 
projection in plan of the voussoir corresponding to M'N'O'y 
&c, {Fig. 1) in right section, will in Case 3d be bounded on 
one end by the figure MNO, &c, on the other by the one 
nmo, &c. ; and by the parallel lines which join the corres- 
ponding points JTm, JVn, &c. 

ApphcaUmx. Having found the principal dimensions of 
the voussoirs, let it be required to cut from a single block of 
stone of the form of a rectangular parallelopipedon the 
voussoir corresponding to M'JSTO'^ &c, {Fig. 1) m Case 3d. 
Drawing a line S'T' through Q f perpendicular to 0'P\ and 
prolonging ON' to R r on the line drawn through M ' par- 
allel to U'P\ the rectangle R'T will evidently be the di- 
mensions of the end of the block within which tne voussoir 
in right section can be inscribed. The dimensions of the 
length of the block will evidently be determined by drawing 
through the point Q {Fig. 2) a line R f Q parallel to to. 
Having inscribed on tne end of a block of the form and 
dimensions thus found, the figure in right section, the block 
would be prepared by cutting away those portions, as 
M'S'Q', &c, which are exterior to the figure. This being 
done, thepoints corresponding to M 9 iT, (?, &c, and m, n 9 
o, &c, {Ftg. 2) can be set on on the corresponding edges, 
and the two ends of the voussoir, the one terminated by 
the oblique plane, the other by the semi cylinder, be obtain- 
ed. In cutting away the portions of the block to form the 
curved surfaces of the somt and of the end of the voussoir, 
a model cut from a thin board, by shaping it on the back to 
the form of the arc M'Q' {Fig. 1), ana a like model cut to 
the form of the arc DN"\ would be requisite as a guide to 
the workman, to be applied, from time to time, in a direc- 
tion perpendicular to the elements of the cylinders, until it 
is found that the models coincide accurately at all points 
with the prepared surfaces. 

Models also of the true forms of the joints, determined 
in Fig. 5, may be cut from thin pasteboard, or any like ma- 
terial, and be used to verify the work. These fast would 
evidently not be requisite to guide the workman in setting 
off his points where he works from a block of the above 
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form. But, in cases where a block of irregular shape haa 
to be taken, they may be found the most convenient for set- 
ting off the points to determine the form of these joints on 
the stone. 

Prob. 8, PI. 2. To construct the projections cmd trus 
dimensions of the voussoirs in the groined cmd cloistered 
arches. 

In each of these cases the soffits of the arches are formed 
by the intersections of two semi cylinders, the axes of which 
are in the same horizontal plane, and their top elements at 
the same height above this plane. From these conditions, 
the curves of intersection of the soffits (Theor. 1) will be 
plane curves, and will be projected in plan in the diagonal 
lines which join the intersections of the lowest elements of 
the semi cylinders. 

In the cases selected to illustrate this problem (PI. 2), 
the curve of right section of one of the semi cylinders is a 
semicircle (Fig. 1), that of the other (Fig. 2) a semi ellipse, 
each having the same rise L'K '/ and their axes are taken 
perpendicular to each other. The joints in each arch cor- 
responding to F 0\ &c, are normal to the soffit, or surfaces 
of their respective cylinders ; the upper and lower edges of 
the corresponding joints in each arch being in the same 
horizontal plane, as well as the top surfaces, as G'H' (Figs. 
1, 2), of the voussoirs. 

Remwrk. Fig. 1 is the right section of the semi circular 
arch ; Fig. 2 that of the semi elliptical arch ; Fig. 3 above 
the line ah is a portion of the plan of the groined arch, the 
soffit of the semi circular arch being projected within the 
angle BKG and the corresponding soffit of the semi ellipti- 
cal arch, only the half of which is shown in plan, being pro- 
jected within the angles aKB and bKG. Fig. 5 on the 
right represents two of the joints of a groin stone belonging 
to the semi circular arch with the development of the por- 
tion of the soffit between them ; that on the left the true 
dimensions of the corresponding parts of the same stone 
which forms a part of the other arch. 

Fig. 4 below the line ab is a portion of the plan of the 
cloistered arch, the soffit >f the semi elliptical portion being 

1>rojected within the angles B t KC.; that of the semi circu- 
ar portion being projected within the angles B^KC t and 
B.KG % . Fig. 6 on the right represents the two joints of a 
groin stone which forms a part of the semi circular arch 
with the portion of the soffit between them ; that on the left 
the corresponding parts of the same stone of the other arch. 
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Groined Arch. Having constructed (Fig. 1) the right 
section of the semi circular arch as in JProo. 7. assume IrC* 
{Fig. 2) as the transverse axis of the ellipse or right section 
of the other arch, and placing it at any convenient position, 
on the left, perpendicular to the direction B'C {Fig. 1), set 
off the semi conjugate L'K' equal to the radius of the semi- 
circle, and describe the semi ellipse. Find on the semi 
ellipse, as shown by the lines X'h\ &c, on the left of Fig. 
1, tne points E\ F\ &c, at the same height above B'G\ as 
the corresponding points of the semicircle. Construct tan 
gents to the semi ellipse at these points, and at the same 
normals for the directions of the joints. Find on these 
normals the points T 7 , G\ &c, at the same heights as the 
like points in Fig. 1. Through the points /', G\ {Fig. 2) 
draw the vertical and horizontal lines TIT and G H*, for 
the bounding lines of the voussoirs. Having completed, in 
this way, the right section {Fig. 2), draw, in plan {Fig. Z\ 
the projection of the axes, and the bottom elements of the 
arches, corresponding to the points B\ C {Figs. 1, 2). 
Drawing the diagonal lines BJB l and CC t between the points 
where these elements intersect in plan, they will be (Theor. 
1) the projections of the ellipses in which tne two semi cyl- 
inders intersect, and which form the edges of the groins. 

To find the projections in plan of the voussoir of the groin 
which corresponds to the one M'N'0\ &c. {Fig. 1), and 
F'G'&\ &c {Fig. 2), draw Mm {Fig. 3), the projection of 
the lower edge of the joint corresponding to M' (Fig. 1), 
and Mm t the corresponding projection for Sie point F' {Fig. 
2) ; and in like manner the lines Nn and 2fn t , the projec- 
tions of the upper edges. Joining M and N gives the pro- 
jection of the intersection of the planes of the two joints. 
Find in like manner Qq and Qq t ; Pp and Pp, , the projec- 
tions of the edges corresponding to the joints Q'P 1 and 
E'l'. Joining Q and P gives the projection of the inter- 
section of the planes of the two last joints. Having found 
the projections in plan of the edges of the joints and their 
intersections, the voussoir is terminated on the semi circular 
arch by a joint of right section mp y taken at any suitable 
distance from the point P; and on the semi elliptical arch 
by a like joint mj? ,. The required voussoir in plan will be 
tne figure MmpPp l m l . The part above the line MC be- 
longing to the semi circular arch ; that to the right of it to 
the other. 

To find the true dimensions of the joints of this voussoir 
and of the portion of the soffit which belongs to the semi cir- 
cular arch, draw a line rrvp {Fig. 5) to correspond to the one 



stone ourrnro. 45 

mp (Fig. 3) of the plane of right section by which the von* 
soir is terminated. On this line set off nm=M'N' {Fig. 1\ 
the breadth of the upper joint; nq=M'Q' the length or 
the arc between the joints; and qp—Q'P' the breadth of 
the lower joint. Through these points draw perpendicular* 
to the line, and set off on them nJST—mM (Fig. 3); ml£— 
nl¥:qQ—qQ, and pP=pP. Join the points Jz, J¥, and 
Q, P, by right lines ; the points iT, Q x by a curve line, an 
intermediate point of which can be found by constructing 
in plan the element yx of the soffit which corresponds to 
the middle point x' (Fig. 1) of the arc M 'Q' and setting 
this line off on Fig. 5 from y , the middle point of nq to x. The 
Fig. 5 will give the joints required in tneir true dimensions, 
also the developed portion of the soffit between them, and 
which is bounded at one end by the curve of right section 
corresponding to mq, and at the other by the portion of the 
ellipse of the groin corresponding to MQ (Fig. 3). 

In like manner the true dimensions of the joints, and 
the portion of the soffit between them, which belong to the 
same stone, and form the portion of the elliptical arch ter- 
minated by the joint of right section m J p i (Fig. 3) may be 
found, as shown (Fig. 5) on the left ; by setting off the dis- 
tances pjq l ^q i m l , mn t , respectively equal to E'l' F'F' 
and F'W (F%g. 2), and on the perpendiculars to p l n l , through 
the points p ( , q t , &q., setting off the distances p t P, q, Q, &a, 
respectively equal to p,P &c, in plan (Fig. 3). 

The portion of the keystone which forms the top of 
the groins at the point A (Fig. 3), is limited on the semi 
circular arch by the joint of right section O l N l / and by the 
one Hh on the semi elliptical cylinder, with a corresponding 
one on the right of K. 

The joints of right section of the different courses, as 
mp and Q- I N I , are arranged to break joint. 

Oloistered Arch. The constructions for determining 
the projections, &c, of the joints and their true dimensions, 
are precisely the same in this case as in the preceding. 

In Fig. 4 aafifi are the exterior lines in plan, and 
BJ3 t B t Qi the interior lines of the top of the walls, or the 
imposts of the arches ; the semi circular arch springing from 
the lines j?,(7and C q B&nd the semi elliptical from C t B,. 
The lines G t K and 2?,iL are the projections of the half of 
each groin. 

By drawing in plan the edges of the joints corresponding 
to P'Q' and M 'JV' (Figs. 1, 2), and joining the points P, 
Q y and Jf, JV (Fig. 4), tne intersection of these joints are 
obtained in plan. The groin stone which corresponds to 
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these joints is limited by a plane of right section mp (.Fig. 4) 
taken at pleasure on the semi circular arch, and a like one 
m t p t on the semi elliptical. All the parts of this groin stone 
will therefore be projected within the figure mpPp^M. 

To construct the joints and the portion of the soffit in 
their true dimensions which belong to this stone, commence 
{Fig. 6) by setting off on a right line the distances nm y mqj 
and qp, respectively equal to N'M', M'Q\ and Q'P' {Fig. 
1\ and which correspond to the joint of right section mm 
{Fig. 4). Draw through the points n, m, &c., thus set off 
perpendiculars to np y and along these perpendiculars set off 
the distances nHT 9 mM^ qQ, and pP, respectively equal to 
the same lines on Fig. 4. Join the points NM and QP by 
right lines ; and MQ by a curved line, an intermediate point 
of which corresponding to x' {Fig. 1) is found by setting off 
from y t the middle of mq the distance y l x l equal y t x t {Fig. 4). 

In the same way the corresponding portions of the groin 
stone belonging to the joint of right section m t p t on the 
semi elliptical arch are found from Figs. 2 and 4. 

The top groin stone at K{Fig. 4) which forms a portion 
of the two arches is represented as a single stone. 

The joints of right section in the different courses of 
voussoirs are arranged as shown in plan to break joint. 

Application. Having determined the projections in plan 
of the edges of the joints of a groin stone with the true 
dimensions of the joints, and the portion of the soffit of 
each arch belonging to it, their uses in shaping the stone 
from the solid block will be easily understood Taking, for 
example, the groin stone of the groined arch, the right sec- 
tions of which are given in Figs. 1 and 2 ; the plan in Fig. 
3 ; and the true dimensions of the joints, &c, in Fig. 5, it 
will be readily seen that, supposing a block from which the 
stone is to be shaped to be a rectangular parallelopid, its 
thickness must be such that the right section M'N'0\ &c, 
{Fig. 1) can be inscribed within the rectangle of the end 
that corresponds to the joint of right section mp {Fig. 3) of 
the semi circular arch, and the figure F'G'IT) &c.j be in- 
scribed within the end corresponding to the joint f ra,p l of 
the semi elliptical arch ; and the length of the block must 
be equal to m,M, and its breadth to Mm . 

Having inscribed upon the ends or the block the two 
figures of cross section, the portions of the solid exterior to 
them are gradually worked off until the dressed surfaces 
coincide with Fig. 5, which may be ascertained either by 
measurement, or by the actual application of these figures 
nut from some thin flexible material. 
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Remark. A careful examination of the lines of the 
figures will show the geometrical methods for determining 
the tangents to the points on Fig. 2 which correspond to 
Fig. 1. 

Pro b. 9, Pis. 3, 4. To construct t/te projections cmd trus 
dimensions of the voussoi/rs of the rampa/nt cylindrical arch. 

This problem, wliich comprises two cases, is a variation 
of Prdb. 7. The arch in tins, as in Prob. 7, being termi- 
nated at one end by a vertical plane, and at the other by a 
horizontal semi cylinder having its axis and elements paral- 
lel to the vertical plane of the end ; the elements of the soffit 
and the edges of the voussoirs of the arch being oblique both 
to the vertical plane and to the horizontal plane of the plan 

Case 1, PI. 3. Construct (Fig. 1) the semicircle B'T'C' 
to represent the oblique section of the arch by the vertical 
plane of the end. Let ad (Fig. 2), assumed at any conve- 
nient distance from A'D\ be tne projection in plan of the 
lowest element of the semi cylinder of the other end, which 
with the axis is taken in a horizontal plane at the distanc e 
a'" a" (Fig. 3) below the line A' J)'; and let the lowest ele- 
ments of the arch drawn from the points A'B'G'D', and its 
axis from Z', (Fig. 1) be taken to intersect the line ad, and 
to lie in vertical planes perpendicular both to the vertical 
plane of the end and to the horizontal plane. The edges 
of the voussoirs as A'a, Bb, &c, in plan will be perpendic- 
ular to A'D'. 

To obtain the edges of the voussoirs in their true dimen 
sions, it will be necessary to find their projections, as in Prob. 
5, on a plane parallel to them. 

Let the vertical plane which contains the edge projected 
in A' a be taken for this purpose, and suppose it revolved 
around the line A'K ,n , its trace on the vertical plane of the 
end, to coincide with this plane. In this new position of 
the side vertical plane the edge projected in A' a will be ob- 
tained on it by setting off A'a!"— A'a; erecting at a"' a 
perpendicular = a'"a - , and joining A'a'". The edges 
drawn from B\ 0' 9 D', and the axis of the arch will all 
evidently be projected into the same line A'a". 

The projections of the other edges on this plane will 
evidently be parallel to A'a 1 ' (Fig. 3), and their positions 
will be found by drawing through the points E\ I\ &c, 
{Fig. 1) lines parallel to A'D\ and from the points E\ &c, 
in which they cut A'K"' drawing parallels to A'a!' (Fig. 3). 

As a" is the revolved position of the point in which the 
vertical side plane cuts the lowest element of the semi cyl- 
inder of the end, and as the axis is in the same horizontal 
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plane as this element, by setting off on the horizontal through 
a", and to the left of a'\ the radius of the semi cylinder 
and from the point thus set off describing an arc a"X\ it 
will be the one cut from the semi cylinder by the vertical 
side plane. The lines, as H"&"\ E"E'" intercepted between 
the arc a"X' and the line A'K"\ are the projections in their 
true dimensions of the required edges of the voussoirs. 

To obtain a right section of the arch, for the purpose of 
constructing the joints of the voussoirs in their true dimen 
sions, and the development of the soffit of the arch ; from the 
point A' draw the line A' Y' perpendicular to the projec- 
tions of the edges on the vertical side plane ; this line may 
be regarded as the trace of a plane of right section on the 
side vertical plane, and the line A'D' as its trace on the 
horizontal plane through A' J)'. If the plane of right sec- 
tion thus fixed be revolved around A'D' until it becomes 
horizontal, the right section contained in it will be deter- 
mined in its true dimensions. The points as e\ f\ &c„ 
{Fig. 4) will be found, after this revolution, by setting off 
irom the line A'D' along the projections of the elements in 
plan corresponding to the points jE", F', &c., distances equal 
to A'e', A't'j&Q^jFig. 3) measured from the point A' along 
the line A' Y'. The curve B'e'fm'd 0' (Fig. 4) thus deter- 
mined is the curve of right section of the somt, and the fig- 
ure m'n'o'p'q' the right section of the voussoir corresponding 
to MWO'F'Q' (Fig. 1) of the end. 

Having obtained the right section, the development of 
the soffit and the joints in their true dimensions are found, 
as in Probs. 5 and 7, as follows : Having drawn a line B'C 
(Fig. 5) set off along it the distances 2?V, e'f\f'm\ &c. 
respectively equal to the arcs B'e\ e'f &q„ on the curve oi 
right section (Fig. 4). The right line B'C' will be the de- 
velopment of the curve. Through the points B\ e\f\ &c. 
draw perpendiculars to B'C which will be the elements of 
the soffit m development, which are the lower edges of the 
joints and correspond to the points B f J E\ &c, (Fig. 1). 
As the true distances of the extremities of these edges from 
the plane of right section are given on Fig. 3, and are the 
distances e'e", e'E'" for the edge projected in its true length 
between the line A'K'" and the curve a'X'j by setting off 
e'e" and e'E'", from *' to E\ and ef to E"' (Fig. 5), the 
points E' and E"' will be respectively points of the devel- 
opment of the curves in which the somt intersects the verti- 
cal plane of the one end of the arch and the horizontal 
cylinder that terminates the other. In like maimer the 
points F\ M\ &c, of the developed curve B'T'C are 
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found, and those as 8", E m 9 &c 2 of the other end. To ob- 
tain the true dimensions of any joint, as the one correspond- 
ing to E F {Fig. 1), set off the distance e'i', {Fig. 5) equal 
to the breadth of the joint in right section, which is e'$ 
(Fig. 4). Through il draw a perpendicular to B'C\ and set 
off from it the distance i'l , iA"\ respectively equal to 
at A!' a! A!" {Fig. 3). Join I', E\ by a right line, and 
A f "E f " by a curved line, the figure A'"rE , E f " will be the 
required joint in true dimensions. The other joints are 
found in like manner. 

To find the dimensions of a block of the form of a rec- 
tangular parallelopiped from which one of the voussoirs, as 
the one corresponding to M'fiT'O'P'Q' could be cut, it will 
be observed that the edges of this voussoir are projected in 
their true dimensions on Fig. 3, between the line H"H"\ 
which corresponds to the points N\ 0' {Fig. 1), and the line 
E"E"\ which corresponds to Q'; drawing therefore from 
H" a perpendicular to E"E'" prolonged, and from E" one 
to H"jK prolonged, the rectangle thus formed will be the 
true dimensions of one side of the block. As m'n'o'pW 
{Fig. 4) is the cross section of the same voussoir, the breadtn 
of the rectangle of the end of the block must be equal to 
m'p\ in order that the figure m'n'o\ &c, can be inscribed 
within it. The manner of setting off the different lines on 
the block, with the view of dressing it into shape, will be 
readily seen from what has already oeen stated on this point 
in the preceding problems. . 

JRemarks. Trom the preceding constructions, the joints 
and the development of the soffit for any other plane end 
passing through the line A'D\ and having the line A!Z\ for 
example, for its trace on the vertical side plane, can be 
readily round, by setting off, on Fig. 5, from the line B'G\ 
the distances between the corresponding points on the lines 
A' Y f and A'Z\ as h!h!\ for example, in the same way as 
for those between A! Y' and A'K \ and through the points 
d' y f\ &c., drawing the developed curve of intersection of 
the soffit and assumed plane, and constructing the corres- 
ponding joints as e"i"A*'E'". . 

Prob. 9, Case 2d, PI. 4. This case is a variation of the 
preceding one, the axis and elements of the soffit of the 
arch being oblique both to the horizontal plane, and to the 
vertical plane which terminates the arch at one end, but 
situated m vertical planes oblique to the vertical plane of 
the end. The position of the serai cylinder which terminates 
the other end is the same in all respects as in the preceding 
case. 
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Fig. 1 represents the end of the arch in the vertical 
plane. The curve of the soffit B'F'M'C in this plane is a 
semicircle. The arch for the mere illustration of this case 
consists of only three voussoirs. 

Fig. 2 represents the projections of the elements in plan ; 
the axis of the arch and the lowest elements of its soffit 
intersect the lowest element of the semi cylinder, which is 
projected in the line ad, parallel to A'D' and lies in a hor- 
izontal plane at the distance D'D" below A'D' y at the 
points J, I and c. 

Fiq. 3 represents the projections of the edges of the 
voussoirs on the vertical side plane, parallel to them, of 
which D'T and D r V are the traces on the horizontal plane 
of the plan, and the vertical plane of the end. The system 
of projecting lines in this case is the same as the one usee 
in Frdb. 5. 

Fig. 4 represents the revolved position, on the horizontal 
plane, of the right section of the arch, contained in the plane 
of right section of which XY, perpendicular to the projec- 
tion of the axis III is the horizontal trace, and JV, perpen- 
dicular to J)"d, the projection of the axis OH the side vertical 
plane, is the trace on this plane. 

Fig. 5 represents the joints and the development of the 
■6ffit in their time dimensions. 

Having constructed Figs. 1 and 2, find, by Prdb. 5, the 
projections of the edges of the joints on the vertical side 
plane of which D'T\b> the horizontal trace, assuming, in the 
first place, the line D"d, as the projection of the axis and 
lowest elements on this plane, and parallel to which all th6 
other projections of the edges are drawn ; the one corres 
ponding to the point M {Jt%g. 1), for example, is found by 
setting off from 2?" {Fig. 3) on the revolved position 
J)'K of the trace of the side vertical plane with that of 
the end, the distance D"U" equal to JOT {Fig. 1), and 
drawing M "M '" parallel to &"d. 

Representing, by the line drawn through T parallel to 
ad, the axis of trie semi cylinder, the ellipse cut from the 
semi cylinder of the end will have dT, and TS' equal to 
the radius of the semi cylinder, for its semi axes. Having 
described the quadrant dS' of the ellipse in its revolved po- 
sition, the projections of the edges of the joints intercepted 
between it and the line D'K'" will be the true lengths of 
the edges. 

To obtain the right section, take XY perpendicular to 
the axis LI in plan, and TV perpendicular to its projection 
~P"d on the vertical side plane, as the traces of the plane 



STONE OUTCINO 5] 

of right section. Having found {Fig. 4, PI. A,) the projeo 
tions o'j m t y n\ &c. (Fig. 3) of the points in which tne ele- 
ments of the soffit and the edges of the joints pierce the 
plane of right section, next construct from these {Fig* 4) the 
right section as revolved on the horizontal plane. 

To construct the soffit and joints in their true dimensions, 
draw (Fig. 5) a line #,2?' {Fig. 4, PL A) and set off on this 
from o, to c t the length of the curve of right section hfl t 
{Fig. 4). Drawing through the points h t , f t \ 9 m l , c t , per- 
pendiculars to dfi\ set off on them above and below a t £y 
distances m / J/" / ; mM"\ respectively equal to mM" and 
m t M'" {Fig. 3). The curves B'F'M' G\ and b M \ drawn 
through the points thus obtained, will be the developments 
of the intersection of the soffit with the end plane and semi 
cylinder. To construct the joint of which M'M fn is one 
f idge, set off m/n, t on a J)' equal to m t n l {Fig. 4), the width 
>f the joint in cross section ; through n s draw a parallel to 
M'M , and set off on it n,N\ n'JT'", respectively equal 
to n'N" and n'N'" {Fig. 3). Joining M^N' by a right 
Une, and M'"N'" by a curve line, the figure obtained is the 
required joint. The others are found in like manner. 

Remark. A comparison of the lines on Fig. 5 with 
those on Fig. 3 will point out the manner of constructing 
an intermediate point as v of the curve M"'N'". 

Prob. 10, PV. 5. To construct the ^projections and tiruo 
dimensions of the voussoirs of the hemwjmerical dome. 

Let the semicircle {Fig. 1) B'L"G' be the vertical section 
of the soffit of the dome, and suppose it divided into seven 
equal parts at the points E' F\ &c. Drawing radii through 
the points E\ &c, set off upon them the equal distances 
jE"/\ F'G\ &c, and complete, as in the preceding cases, 
the figures E'l'H'G'F', &c, to represent the sections of 
the voussoirs. If Fig. 1 be supposed to be revolved about 
the vertical radius L'L'' as an axis, any section of a vous- 
soir, as E'l'H'G'F', would generate the entire voussoir of 
the dome comprised between the horizontal circles on the 
soffit projected in the lines F'Q' and F'M f . The lines 
EI\ F'G\ in this revolution generate the joints between 
the voussoir in question and the two in contact with it. 
which joints are portions of a cone of which the centre or 
the dome is the vertex, and L'L" the axis. The line I'H' 
will generate a cylindrical surface having the same axis, and 
the liiie H'G' a plane. 

Having in this manner determined the bounding surfaces 
of each course of voussoirs, the course is divided into blocks 
of suitable dimensions, by joints of right section, formed by 
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intersecting the course by vertical planes through the axu 
L'L\ If 72; and 1 F t (Fig. 2) ; for example, be taken aa 
the projections in plan of two joints of right section, the 
figure II ,F \E \ will be the projection in plan of a block oi 
voussoir of the course in question. The figure E'I'I"E" 
(Fig. 1) is the projection of the lower conical joint of this 
voussoir: F'GFGF" that of the upper conical joint; and 
E'FJF'tE" that of the portion of the soffit. The joints 
of right section of the adjacent courses break joints, as 
shown at E"E\ F'V, &c, on the curves F'Z", Y'*L\ 
&c. (Fig. 1\ which are the projections of the circles cut 
from the soffit by the joints oi right section. 

Application. Having determined the projections of the 
bounding lines and surfaces of a voussoir, their true dimen- 
sions can be easily determined, and from them the size of a 
block from which the voussoir can be cut. Taking, for ex- 
ample, the voussoir projected in plan (Fig. 2) in II t F \E t , 
from an inspection of the projections (Figs. 1, 2) it is obvious 
that the dimensions of a block from which it can be cut 
must be such that the^Bgure II t F l E i (Fig* 2) can be inscribed 
within its base, and its thickness be equal to the vertical 
height between the lines H'Q" and E'E" (Fig. 1), the total 
depth of the voussoir. Having selected a block of the suit- 
able dimensions, the different lines and surfaces of the vous- 
soir can be obtained in their true dimensions from its projec- 
tions (Figs. 1, 2, 3), and marked out on the sides and bases 
of the block. 

It will be seen that the end of this voussoir, which forms 
a portion of the soffit, is comprised between the two merid- 
ian planes IE, and I i F l (Fig. 2) and the upper and lower 
conical joints. The points F\ F", E\ E'\ (Fig. 1) are 
therefore the projections of the four angular points of the 
voussoir, on the soffit, and lie upon the circumference of a 
small circle of the dome passing through the points of which 
these are the projections on Fig. 1. This small circle can 
be readily constructed (Fig. 4), since the lengths of the 
chords joining the two upper points F'F", and the two 
lower JE f E" (Fig. 1), are given m their true dimensions EF 
and EF (Fig. 2) ; and the diagonals projected in EF t ana 
E,F(Fig. 2) can be readily obtained in their true dimensions. 
Having set out the small circle determined from these ele- 
ments (Fig. 4), it will limit the portion of the soffit on the 
end of the voussoir, and will serve as a guide to the work- 
man in working it out. 

Fig. 3 gives the true dimensions of the side of the von* 
soir in the meridian plane IE, (Fig. 2) 
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iVoi. 11, PI 6. 7b construct the projections and trus 
dimensions of the voussovrs of the gaterecess. 

The line BO {Fig. 2) represents the trace of the vertical 
face or front of a wall ; ad that of the back, also vertical. 
Through this wall an arched gate-way is to be so constructed, 
that the gate, composed of two leaves, may be placed mid- 
way between the race and back, as at AD, and when open 
the leaves shall be thrown back, taking respectively the 
positions A t a, D { d, by revolving around the vertical axes 
projected in A and ±) t . In this way, the gate occupies a 
recess within tne wall, from which circumstance the problem 
is named. 

Let i?', E\ G\(Fig. 1) be the curve of right section oi 
the right arch, BB f C,U (Fig. 2) its plan. Let the top of 
the gate when closed be a semicircular cylinder, A'D' {Fig. 
1) being its diameter, and the rectangle AA t D t D (Fig. 2) 
its plan ; the gate when closed shutting against the plane 
surface ring projected (Fig. 1) between tne two semicircles ; 
and Fig. 2 in the line AD. 

The problem to be solved consists in so arranging the 
surface of the recess under which the leaves swing in being 
opened or closed : 1st, that it shall oflfer no obstruction to 
the play of the leaves ; 2d, that it shall be one of easy geo- 
metrical construction ; 3d, that it shall present a pleasing 
architectural eflfect. 

The lines Ap, Dd, (Fig. 2) being the traces of the ver- 
tical side planes of the recess against which the leaves rest 
when closed, these planes are each terminated at top by an 
arc of a circle assumed at pleasure, but of greater radius 
than A'I! (Fig. 1). To construct this arbitrary arc (Fig. 3), 
revolve the side plane Djd around the axis projected in D, 
(Fig. 2), and D'D" (Fig. 3), parallel to the face of the wall, 
into the position D/L, . Assume d" f the highest point of 
the arbitrary arc in the revolved position, at tne same height 
as Jef (Fig* 1) is above L\ ana construct an arc passing 
througn D'd'" and tangent to D'D'\ and let this be taken 
for the required arc. Supposing the side plane revolved 
back to its primitive position, D d" will be the projection 
of the arc ; and d'd" that of the vertical edge of the back 
and side planes. 

Let this arbitrary arc, the semicircle projected in A'k 'D 
(Fig. 1} and A^/ V^Sr 2), and the axis of the arch pro- 
jected in L' (Fig. 1), 12 (Fig. 2\ be taken as three direc- 
trices of a warped surface, to iorm a portion of the upper 
surface of the recess. The projections of the extreme posi- 
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tion of the clement of this surface will be d"x!L'{Fiq. 1), 
day {Fig. 2). A like surface covers the opposite side. 

To form the top, the two warped surfaces determined are 
connected by a third, which must be tangent to each of them 
along the extreme element d" L\ a"L' of each, so that the 
three surfaces may appear as a continuous surface, and thus 
satisfy the 3d condition. To satisfy this condition, let 
the axis of the arch and the semicircle, which are two of 
the directrices of the two first warped surfaces, be taken 
as two of the directrices of the third. This will give two 
tangent planes common to the surfaces along each of the 
elements d" L\ a"L'. Construct now a tangent plane to 
the warped surface found at the point d", by drawing a tan- 
gent to the curve projected in D'a" at this point, and through 
tnis tangent and the element projected in d"L! passing a 
plane. The element pierces the vertical plane of which 
AD t is the trace at #, #'; the tangent to the curve D t d" at 
d intersects the vertical line D D" at D"f joining then 
D", a?', it will be the projection of the trace of the tangent 
plane on the vertical plane A / D l / the projection of its trace 
on the vertical plane ad is v'd"w\ parallel to x'D". Draw- 
ing an arc of a circle passing through a" and d" and tangent 
to v'w\ if it is taken as the third directrix of the second 
surface, the two surfaces will be tangent, as they have a 
third common tangent plane at d". 

The 2d condition is satisfied by taking warped surfaces 
to form the soffit, or top surface. 

Having construct J the warped surfaces, with these arbi- 
trary conditions, it will be necessary to ascertain whether thej 
satisfy the 1st condition. To do this, it will be observea 
that the top of the leaf describes, in its revolution, a surface, 
and which, to satisfy this condition, should not intersect the 
warped surfaces within the side plane, as A. a* for example. 
This intersection will be found T>y the usual methods for 
finding the intersections of two given surfaces. The line 
rV (Fio. 1), for example, may be assumed as the vertical 
trace of a horizontal plane intersecting the two surfaces. 
This plane will cut from the surface described by the top of 
the leaf an arc of a circle, projected in bt (Fig. 2) and from 
the warped surfaces an arc S8 t r; and as these intersect at r, 
without A ti a, the surfaces do not interfere along this hori 
tontal plane. The same construction would be made for 
other points. 

The bounding lines of the top surface being found, the 
arch is divided on into five equal parts, as B'F , &a The 
planes of the voussoir joints pass through the axis of the 
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arch and extend to the points /', G\ &c, arbitrarily chosen 
and from these last points the vonssoir joints are vertical. 

To determine the true dimensions of the joints M'N 
and Q'P' {Fig. 1) ; let each of them be revolved around 
their lower horizontal edges, projected in J/"', Q ', parallel to 
the horizontal plane ; taking M'N', this is done by draw- 
ing through M ' a line parallel to Z'D' and setting off along 
it, from Jr, distances equal to G'F'— M'N', F'i', F'h\ 
and, to simplify the construction, drawing through the 

Eoints thus set off, lines parallel to L'M' to intersect L'D'; 
•om these last points drawing lines parallel to L'l the points 
LJ&E'ih'GI {Fig. 4) will be found, which joined will give 
the figure and true dimensions of the joint through M'N'. 
In a Bke manner the figure ZfcF'if'g'G'I&nd true dimen- 
sions of the joint through Q'P' are obtained. 

Application. To cut the voussoir out of a block of the 
form of a rectangular parallelopiped, its dimensions must 
be such that the figure N'M'Q'FO* {Fig. 1) can be inscrib- 
ed within the ena, and its length be equal to IG 1 {Fig. 4). 
Having set out the bounding lines of the different surfaces 
from Fig. 1, the planeand cylindrical portions will be first 
cut off; next the portion of the warped surfaces, by first 
working down to the positions of several of the intermediate 
elements, determined from the drawing, and then finishing 
off by the eye the portions of the surface between these ele- 
ments. 

Prob. 12, PI. 7. To construct the projections and true 
dimensions of the steps of the geometrical stairway. 

Let ABuD {Fig. 1) ^be the polygonal base of a vertical 
walL along which a flight of stone steps is to bo built. Let 
X iZ, xyz, be two curves having the relation of involute 
and evolute to each other ; the one XYZ being the base of 
a vertical cylinder, the surface of which limits the ends of 
the steps, and which is termed the well of the stairs. Let 
X \ Y \2» ', be another curve parallel to the one XYZ, and at 
the distance from it that persons going up or down the stairs 
would naturally take ; and where, on this account, the top 
of each step, or the tread should have a uniform breadth. 
This tread added to the height, or rise, being usually assumed 
at twenty-two inches, as a convenient distance for each step. 

The problem consists : 1st, in arranging the tread and 
rise with these conditions ; 2d, in making the under sur- 
face of the stairway a helicoidal surface; 3d, in arranging 
the joints between the steps so as to be plane surfaces, and 
normal to the helicoidal surface at the middle p< nt ; 4th, in 
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determining from these conditions the form and dimension! 
of each step. 

Having set off the equal arcs -Z,l, 1-2, 2-3, &c. (Fig. 
1) along the curve X t X t Z t , equal to the assumed tread* 
draw, through these points, lines tangent to the curve xyz y 
and prolong them to the line led parallel to BCD ; the 
quadrilaterals thus formed, between A.YZ and bed, will be 
the true dimensions of the top surface of each step. Mid- 
way between the equal arc, as at Y n Z n &c, draw lines 
also tangent to xyz, and let these be assumed as* the projec- 
tions of the edges of the joints along the helicoidal surface ; 
and, to fix their position, let the edge of each joint be taken 
at the distance of half the rise below the top of the step. 
The points thus determined will lie on a helix, which at 
each of these points is half a rise below the top of the step, 
and the inclination of the tangent to which at any point 
will be the rise or height of each step divided by the uniform 
tread. 

Having fixed the position of the helix, the helicoidal 
surface is generated by moving a right line along it so as to 
be parallel to the horizontal plane, and, in all of its posi 
tions, be projected normal to the curve XYZ. 

Let y t , the middle point of the lower edge 7m, be taken 
as the point at which a normal plane is to be passed to the 
helicoidal surface for the joint m question. This plane is 
determined as shown on Fig. 2, by Prdb. 7 (PI. A, Fig. 6), 
and in like manner the one at z t on Zo as shown in Fig. 3. 

Having determined these planes, their intersections with 
the tops of the steps will give the lines Nn, Op, parallel to 
Ym, Zo, which are the top edges of the joints. 

With the data now determined, the form and dimensions 
of the ends of the step to which these two joints belong 
can be determined. The larger end of the step is contained 
in a vertical plane of which mq is the trace on the horizontal 

Slane. Draw a line B'O' parallel to he and at any assumed 
istance from it ; this may be taken as the reyolved position 
of the top line of the end, on the horizontal plane. From 
the points m, n, o, p, and q draw perpendiculars to mq/ 
set off on these the distance q"q' for the rise of the step ; 
m"m! equal to half a rise; o' hall a rise below jp' ; join the 
points thus set off. The figure m'n'q"q'p'o' is the one requir- 
ed. To find that of the other end (Fig. 5), the portion ot the 
cylinder of the well YM is developed, and the correspond 
ing points set off on it ; the figure YWM "M'O'Z' is the 
one required* 
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Application. To cut the stone, a block must be taken 
upon the top of which the figure YmqM (Fig. 1) can be 
set off, and on the large end Fig. 4. Having dressed off 
the plane and cylindrical surfaces, the portion of the 
warped surface can be dressed off as in the preceding prob- 
lem. 

Prob. 12, PL 8. To construct the projections and true 
dimensions of the voussoi/rs of the groined annular and 
radiant arch. 

The soffit of tbis arch is formed of the surfaces of an an- 
nular and radiant arch, the intersections of which form the 
curves of the groin. 

To find the horizontal projections of these curves, lejt (Fig. 
2, PL 8) B' C be the diameter, and K" the centre of a semi- 
circle, contained in a vertical plane passed through the ver- 
tical line projected at L horizontally. If the semicircle be 
revolved around the vertical L it will generate the surface of 
an annular arch. 

From the point L (Fig. 1) in the horizontal plane of the 
diameter B' C' of the semicircle let two lines L B' and L c 
be drawn, making any convenient angle with each other, and 
let the chord of the arc B' 0, included between them, de- 
scribed by the point B' of the semicircle, in its revolution, 
be taken as the transverse axis of a semi-ellipse, contained in a 
vertical plane of which B' c is the trace; the conjugate semi- 
axis of this ellipse being equal to the radius of the semicircle. 
Then if a right line be so moved that it shall, in all of its 
positions, be parallel to the horizontal plane of the semi- 
transverse axis of the ellipse, intersect the vertical through 
L, and rest on the curve of the semi-ellipse, it will generate 
the soffit of the radiant arch. 

The horizontal projections B' L, C, and C L 0, which are 
those of the groins, will be obtained, by finding the inter- 
sections of the projections of the corresponding elements cut 
from the two soffits by horizontal planes. The point L t 
being that of the highest point ; and the points B' C C, c 
being those of the lowest points of the groins. 

It* now the semicircle be divided into five equal parts, and 
the right sections of the voussoirs of a cylindrical arch be 
drawn (Fig. 2); the joints E' I', F G', &c, of this right sec- 
tion, in the revolution of the vertical plane containing them, 
will describe zones of conical surfaces, the vertices of which 
will be on the vertical through L, where these joints pro- 
longed intersect it. In like manner, the lines I' IF, G' G" 
Ac, will describe cylindrical surfaces, having the same verti- 
cal for their ooramon axis; and the horizontal lines, as G' H'. 
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4c., will describe zones of circles. Thus completing the 
bounding surfaces of the voussoirs belonging to the annular 
arch. 

As the soffit of the radiant arch is a right conoid, having 
the horizontal plane, containing the semitransverse axis of 
the directing semi-ellipse, for its plane director, and the ver- 
tical through L as its right line directrix, its joints, along the 
rectilinear elements corresponding to the horizontal circles 
described by the points Q , M', F', E', of the semicircle, to 
be normal throughout to the soffit, would require to be 
warped surfaces. To avoid the inconvenience of constructing 
these, a plane surface joint is substituted for each stone in- 
stead of the other; and this is so taken, that it shall* be nor- 
mal to the soffit at the middle point of that portion of the 
right line element of the soffit which belongs to the joint 
Taking for example the element projected in L E, e A , and as- 
suming that the groin voussoir is bounded, on the radiant 
portion of the arch, by the lines F lt /", ; by f t I, which is the 
projection of the line cut from the soffit by a vertical cylin- 
der ; by the projection Fj E, of the groin curve, and by the 
line E' e % \ then F^will be the lower edge of the radiant 
joint, corresponding to the lower edge of the annular joint, 
described by the point F' ; and E, e t will be the lower edge 
of the joint below, corresponding to the one E' I'. 

Having the lower edge E t e % of the joint, the other bound- 
ing lines of it are found by constructing a normal plane to 
the soffit containing the right line element through E l? at the 
middle point e of E t e„ and finding the intersections e 9 I of 
this plane with the vertical cylinder f x I that limits the 
voussoir; with the conical zone described by E'l', and which 
is projected in Ej z ; and finally with the horizontal plane 
which passes through I' (Fig. 2), and which will be projected 
through I parallel to E, e 9 . 

In like manner the plane joint projected in F, f x g x G can 
be found. 

The portion of the groin stone, belonging to the annulai 
arch, is limited by a vertical plane passed through the points 
L, F„ H ; the line F, E, of the groin ; the upper and lower 
conical joints ; the cylindrical surface projected in z H ; and 
the horizontal plane through G' H' (Fig. 2). 

Note. — To construct the normal planes of the plwne joints 
y the radiant arch see Prob. 6. 

All the horizontal lines of the surfaces bounding the groin 
voussoir in question, are projected in their true dimensions 
nFig. 1. 

Having found the horizontal projections of all the lined 
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bounding the groin stone considered, the true dimen- 
sions of all the developable surfaces by which it is bounded 
can be found by methods already used in the preceding 
Probs. 

Take, for example, the plane joint of the radiant arch, 
projected in E, e % t z. Having first determined the tangent 
plane to the middle point e t of the lower edge of the joint, 
and its trace t % t % on the horizontal plane of the springing 
lines, by Prob. 6, let this last plane be intersected by a ver- 
tical plane X Y perpendicular to the lower edge E e, (Fig. 1), 
and let it then be transferred, parallel to itself, to X Y (Fig. 
3). The plane X Y will cut from the tangent plane a line 
which, in the revolved position of the plane X Y (Fig. 3), 
will be projected in t t W; E" E' (Fig. 3) being equal to E" 
E' (Fig. 2). From E' (Fig. 3) drawing a line perpendiculaf 
to E' t % it will be a normal to the soffit of the radiant arch at 
e % (Fig. 1), and where this normal intersects at P a line par- 
allel to E" t„ and at the same height above it as I' (Fig. 2) 
is above E", the line E' P (Fig. 3) will be the true width of 
the plane joint considered. Now, revolving this plane joint 
around the line E' P to coincide with the vertical plane X Y 
(Fig. 1), the points e„ E, (Fig. 1), for example, will fall in a 
perpendicular to E' P (Fig. 3) as far from it, at e" and E", 
as they are in horizontal projection from X Y (Fig. 1). In 
like manner, the points %' and P" (Fig. 3) are found ; and 
e" E" P" % will be the true dimensions of the plane joint. 
E" P" will be the intersection of the plane radiant joint with 
the corresponding conical joint of the annular arch; and e' 
i' the intersection of the same joint with the cylindrical joint 
f x I of the radiant arch. 

Fig. 4, showing the true dimensions of the upper plane 
joint, is constructed by a like series of operations. 

Fig. 5 is the development of the cylindrical joint of the 
radiant arch projected mf x I; and of the cylindrical surface 
of the groin stone of the annular arch projected in z H. 

The projections of the conical joints of the annular arch 
are easily found, by developing the cones to which they be- 
long. 

Fig. 6 is the development of the end surface of the exterior 
voussoir of the radiant arch which joins the groin voussoir 
considered. 

These arches rest, as in the cylindrical groined arch, on 
pillars. The tops of these pillars, on a level with the spring- 
ing lines of the arches, are shown in the trapezoids BB'a'a, 
C b' b, &c. (Fig. 1.) 

The dimensions of the block for the groin stone in ques* 
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tion are all given in the projections, sections, <fec., of Figs. 1» 
2, 3, 4, 6, and the developments of the conical joints. With 
„hese elements, the bounding lines can be marked out on the 
olock, and the voussoir be worked off, by methods similar to 
those pointed oat in the two preceding problems. 
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